
Chapter 5

Optimal Control

Abstract The principle of optimality in terms of minimization of a performance
index is introduced. For continuous and discrete time state space systemmodels
a performance index is minimized. The result is applied in the case of a quad-
ratic index for a linear system and the resulting time dependent and time
independent Riccati equations are derived. The conditions for guaranteed
stability of the steady-state Linear Quadratic Regulator (LQR) are presented.
An eigenstructure assignment approach to the steady-state LQ regulator
problem is developed.

5.1 Introduction to Optimal Control

The design of a controller for the control of a process as shown in Fig. 5.1
consists of providing a control signal, the input, which will make the plant
behave in a desired fashion, i.e., make the output change in a way described in a
set of performance specifications. In classical control the performance specifi-
cations are given in terms of desired time domain and frequency domain
measures, such as step response specifications (overshoot, rise time, settling
time), frequency response specifications (bandwidth, resonance frequency,
resonance damping) and relative stability in terms of phase and gain margins.
Further, the specifications may be given in terms of disturbance rejection and
noise suppression measures, specifying the desired frequency response of the
sensitivity function and complementary sensitivity function.

As is well known in classical controller design, many of the above specifica-
tions are conflicting in the sense that they lead to impossible or conflicting
requirements for the controller parameters. Typically, short rise time and high
bandwidth require high gain controllers whereas small overshoot and good
relative stability favor small gains in the controller. Classical controller design
therefore often requires judicious and sometimes skillful selection of controller
structure and parameters in order to find a reasonable compromise between
conflicting performance specifications. This calls for time consuming ‘trial and
error’ tuning on the part of the control engineer and does not lend itself well to
automatic tuning. This is especially true with MIMO systems.
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In an effort to overcome some of these problems and in order to be able to

design the ‘best possible’ controller, the methods presented here may be used.

Basically, a measure of the quality of a controller is formulated in this chapter in

terms of a performance index. This index is used to design the controller and

depends on the control signal and the state vector. In this way the ‘best’ control

signal is found that results in the minimum (or maximum) value of the index.
The job of the control engineer in Linear Quadratic Regulator (LQR) design

is therefore not to determine control parameters directly, but to define the

appropriate measure for controller quality, the performance index, and to

minimize or maximize it. Several types of performance index will be introduced,

leading to different kinds of controllers, but the basic idea is the same and will

be introduced in the following section.

5.2 The General Optimal Control Problem

In this section the general optimal control problem is introduced and then

solved in the following sections. Initially a general approach will be described

which is suitable for nonlinear systems. Later the discussion will be specialized

to linear systems.
Assume that an n-dimensional system with state vector xðtÞ 2 <n and input

vector uðtÞ 2 <m is described by a general nonlinear, time varying state

equation:

_xðtÞ ¼ fðxðtÞ; uðtÞ; tÞ: (5:1)

Assume further, that the state vector has the value x0 at the initial time, i.e.,

xðt0Þ ¼ x0: (5:2)

It is desired to optimize the control over some time interval up to a final time,

t1. In addition an investigation will be made of optimal controllers both where

time t1 is given and also where there is a state or output requirement at the final

time.
The system performance can be described by a performance index, which is

a time integral depending on state and input vectors:

JðuÞ ¼ �ðxðt1Þ; t1Þ þ
ðt1
t0

LðxðtÞ; uðtÞ; tÞdt: (5:3)

Plant
Input Output Fig. 5.1 The control

problem
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The integrand, L, is a real-valued function of state and input vector and may

also depend explicitly on time. It is often called the cost function. The function � is

a real-valued function of the final state vector and the final time. The performance

index reflects the quality of a controller and should be constructed in such a way

that it is limited from below and such that the larger the index, the poorer the

control. This may be achieved by requiring that the first term and the integrand in

the second term in equation (5.3) be positive for all values of, xðtÞ, uðtÞ and t.
The first term in equation (5.3) represents a constraint on the value of the

state vector at the final or terminal time. The closer the final state vector is to

some desired value, the smaller is the value of the performance index.
Once the cost function and the constraint have been defined, the objective is

to findthe optimal controller, i.e., the value of the control signal uðtÞ for the time

interval t0 � t � t1 which provides the minimum value of J under the assump-

tion that the state vector obeys the state equation (5.1).

Example 5.1. A Typical Performance Index

A typical regulator problem involves forcing the plant to stay at a stationary

point, r0. If the plant state deviates from r0 the object of the regulator is tomake it

return as fast as possible and with as little overshoot as possible. Looking at

Fig. 5.2 the value of an output yðtÞ deviates at time 0 from the desired stationary

point r0. The time development of this output yðtÞ is influenced by the controller

and it is desired to bring it back to r0 as rapidly as possible. An optimal control

problem can be formulated by stating that the best controller is one that mini-

mizes the shaded area in Fig. 5.2. The shaded area is a time integral of the form:

ð1
0

jyðtÞ � r0jdt: (5:4)

This is the form of index mentioned above and an optimal control problem

therefore consists in finding a control signal that will minimize the above

time

response

r0

y (t)

Fig. 5.2 Sample regulator
time response, here
underdamped
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performance index in (5.4) for the plant in question. As will be seen later the

index has to bemodified in part because in (5.4) there is no restriction on the size

of the control signal and in part because the form of the index is inconvenient

for calculations. These problems will be returned to after the solution of the

general optimal control problem has been derived. r

5.3 The Basis of Optimal Control – Calculus of Variations

The calculus of variations is a general method for optimization of functions or

functionals (functions of functions). Only a brief overview of this method will be

given here. For amore in-depth treatment the reader is referred tomore advanced

control theory textbooks on the subject: see for example Bryson and Ho (1975).
A basic problem in the calculus of variations is the following:
A scalar integral which is a function of the time dependent vector xðtÞ, its

time derivative and the time is given:

JðxÞ ¼
ðt1
t0

FðxðtÞ; _xðtÞ; tÞdt; (5:5)

where F is a scalar function as is J and xðtÞ is an n-dimensional vector whose

elements are unconstrained functions of time.
The task is to determine that specific value of the vector xðtÞwhichminimizes

J in time. Since xðtÞ is an n-dimensional vector, the task is actually to determine

n scalar time functions x1ðtÞ; x2ðtÞ; . . . ; xnðtÞ between the two time instants t0
(the initial time) and t1 (the final time).

The function F is usually called a loss function and J is called an optimization

index or a performance index.
In order to find the required time functions it is necessary to know the

boundary conditions for these functions.
Usually the initial condition is known or specified:

xðt0Þ ¼ x0: (5:6)

At the final time there are several possibilities:

1. t1 is fixed and xðt1Þ is fixed.
2. t1 is fixed and xðt1Þ is free.
3. t1 is free and xðt1Þ is fixed.
4. xðtÞ must satisfy certain constraint conditions at the final time.

To solve the problem it is convenient to introduce variations: perturbation

functions close to the optimum function.
Suppose that the vector x�ðtÞ is the optimum vector that minimizes J.

Figure 5.3 shows the situation in the case where x is a scalar. The optimum

and a variational function are shown. For simplicity the boundary condition

2. above is selected. The optimum (minimum) value of J can be written:
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J� ¼
ðt1
t0

Fðx�ðtÞ; _x�ðtÞ; tÞdt: (5:7)

By definition,

�J ¼ J� J�40; (5:8)

where

�J ¼
ðt1
t0

FðxðtÞ; _xðtÞ; tÞdt�
ðt1
t0

Fðx�ðtÞ; _x�ðtÞ; tÞdt

¼
ðt1
t0

Fðx�ðtÞ þ dxðtÞ; _x�ðtÞ þ _dx; tÞdt�
ðt1
t0

Fðx�ðtÞ; _x�ðtÞ; tÞdt:
(5:9)

A Taylor series expansion of F around the optimal solution yields:

FðxðtÞ; _xðtÞ; tÞ ¼ Fðx�ðtÞ þ dxðtÞ; _x�ðtÞ þ _dxðtÞ; tÞ

¼ Fðx�ðtÞ; _x�ðtÞ; tÞ þ @F
@x

����
�
dxðtÞ þ qF

q _x

����
�

_dxðtÞ þ . . . :
(5:10)

The *-notation on the partial derivatives means that the derivatives must be

evaluated for xðtÞ ¼ x�ðtÞ and _xðtÞ ¼ _x�ðtÞ. Note that only the first order

expansion terms have been written out.
If this series expansion is inserted into equation (5.9) the result will be:

�J ¼
ðt1
t0

@F

@x

����
�
dxðtÞ þ qF

@ _x

����
�

_dxðtÞ þ . . .

� �
dt ¼ dJþ . . . ; (5:11)

where dJ is called the first variation of J,

dJ ¼
ðt1
t0

@F

@x

����
�
dxðtÞ þ @F

@ _x

����
�

_dxðtÞ
� �

dt: (5:12)

t

x(t)

x(t)

x
0

t0 t1

x∗(t)

δx(t)

t1 fixed, x(t1) free

x(t) = x∗(t) + δx(t)

δx(t0) = 0

δx(t1) ≠ 0

Fig. 5.3 Time functions
and variations

5.3 The Basis of Optimal Control – Calculus of Variations 297



The last term of this equation is simplified using integration by parts:

ðt1
t0

@F

@ _x

����
�

_dxðtÞdt ¼ @F
@ _x

����
�
dxðtÞjt1t0 �

ðt1
t0

d

dt

@F

@ _x

����
�

� �
dxðtÞdt

¼ @F
@ _x

����
�
dxðtÞjt1 �

@F

@ _x

����
�
dxðtÞjt0 �

ðt1
t0

d

dt

@F

@ _x

����
�

� �
dxðtÞdt:

(5:13)

At the initial time t ¼ t0 the variation is zero, dxðtÞjt0 ¼ dxðt0Þ ¼ 0, and

therefore the second term in the last line of equation (5.13) disappears. If the

remaining terms are inserted into (5.12), then the following equality will be

satisfied,

dJ ¼
ðt1
t0

@F

@x

����
�
� d

dt

@F

@ _x

����
�

� �� �
dxðtÞdtþ @F

@ _x

����
�
dxðtÞjt1 ¼ 0; (5:14)

because for the optimal solution, xðtÞ ¼ x�ðtÞ, the variation dJ must be zero.

Since (5.14) must hold for arbitrary dxðtÞ and dxðt1Þ it is necessary to require

that the integrand and the last term are zero:

@Fðx�ðtÞ; _x�ðtÞ; tÞ
@x

� d

dt

@Fðx�ðtÞ; _x�ðtÞ; tÞ
@ _x

� �
¼ 0 (5:15)

and

@Fðx�ðt1Þ; _x�ðt1Þ; t1Þ
@ _x

¼ 0: (5:16)

Equation (5.15) is called the Euler-Lagrange equation and it must be satisfied

by the optimal vector function xðtÞ ¼ x�ðtÞ. The boundary condition (5.16) is

called a natural boundary condition.
Note that not necessarily all functions which satisfy the Euler-Lagrange

equation are optimal solutions. In other words, the condition is necessary but

not sufficient. This fact has a parallel in the ordinary optimization of functions.

It is necessary for an extremum that the function’s derivative is zero but this

condition is not sufficient. To ensure optimality it is also necessary to check the

sign of the second derivative of the function. Similarly, one should investigate

the second variation of (5.11). However this is cumbersome and it is thus omitted

in many textbooks. This is also the case here.
The Euler-Lagrange equation is a very general result which forms an excel-

lent basis for optimal control. However, two important modifications are

necessary.

1. Constraints to be met by the optimal xðtÞ must be introduced.
2. A control input must be added.
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The constraint(s) is (are) simply the system state equation(s). In optimal
control the vector xðtÞ is the state vector in the state spacemodel, equation (5.8):

_xðtÞ ¼ fðxðtÞ; uðtÞ; tÞ; with the initial condition; xðt0Þ ¼ x0; (5:17)

where the control vector uðtÞ is m-dimensional.
Just as in static optimization (see Appendix A), the constraints are conve-

niently handled by introduction of Lagrange multipliers. In the dynamic case
the multipliers are functions of time arranged as an n-dimensional vector
usually denoted lðtÞ.

The performance index will look a little different in the case of optimal
control. To emphasize this, the change the symbol of the loss function is altered
from F to L and the index becomes:

JðuÞ ¼
ðt1
t0

LðxðtÞ; uðtÞ; tÞdt: (5:18)

The index is of course still a function of x as well as of the newly introduced
control vector u. However in control the main task is to determine the optimal
input u�ðtÞ and therefore it is more reasonable to add the extra argument u to the
integrand. If uðtÞ is known, the state vector can be calculated from the state
equation (5.17).

Now a useful trick will be utilized. The index is adjoined to (augmented with)
the state equation arranged so that a zero is added to the performance index:

JðuÞ ¼
ðt1
t0

ðLðxðtÞ; uðtÞ; tÞ þ lTðtÞðfðxðtÞ; uðtÞ; tÞ � _xðtÞÞÞdt: (5:19)

This ‘new’ cost function (the integrand of (5.19)) is called G here for reasons
which will become clear a little later:

G ¼ LðxðtÞ; uðtÞ; tÞ þ lTðtÞðfðxðtÞ; uðtÞ; tÞ � _xðtÞÞ: (5:20)

The following augmented vectors are introduced:

zðtÞ ¼
xðtÞ
uðtÞ

� �
; _zðtÞ ¼

_xðtÞ
_uðtÞ

� �
; (5:21)

where zðtÞ has dimension nþm.
This means that the index (5.19) becomes a function of z and _z:

JðuÞ ¼
ðt1
t0

GðzðtÞ; _zðtÞ; tÞdt: (5:22)
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The rationale behind these manipulations is that the index (5.22) has

precisely the same form as (5.5). This means that the optimization problem

with the constraint (5.17) has been reduced to the unconstrained problem of

optimizing an expression like Eq. (5.5). Consequently the same Euler-Lagrange

equation can be used to solve the augmented optimal control problem.
Equation (5.15) becomes (the *-notation is omitted for simplicity):

@GðzðtÞ; _zðtÞ; tÞ
@z

� d

dt

@GðzðtÞ; _zðtÞ; tÞ
@ _z

� �
¼ 0 (5:23)

where the first term is

@G

@z
¼

@G

@z1

:

@G

@zn

@G

@znþ1

:

@G

@znþm

2
6666666666666666664

3
7777777777777777775

¼

@G

1

:

@G

@xn

@G

@u1

:

@G

@um

2
6666666666666666664

3
7777777777777777775

¼

@G

@x

@G

@u

2
6664

3
7775: (5:24)

If the second term is handled similarly, the Euler-Lagrange equation can be

written:

@G

@x

@G

@u

2
664

3
775� d

dt

@G

@ _x

@G

@ _u

2
664

3
775 ¼ 0: (5:25)

According to (5.20) the four partial derivatives in equation (5.25) can be written:

@G

@x
¼ @L
@x
þ @f

@x

� �T

l;

@G

@u
¼ @L
@u
þ @f

@u

� �T

l;

@G

@ _x
¼ �l;

@G

@ _u
¼ 0:

(5:26)
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With the expressions in equation (5.26) the Euler-Lagrange equation (5.25)
becomes

@L

@x
þ @f

@x

� �T

lþ _l ¼ 0; (5:27)

@L

@u
þ @f

@u

� �T

l ¼ 0: (5:28)

Note that (5.27) contains n first order differential equations whereas (5.28) is a
set ofm algebraic equations. If to this the state equation (5.17) (the constraint) is
added, one ends up with a total of n first order differential equations and m
algebraic equations which must be solved simultaneously.

The natural boundary condition in equation (5.16) will be:

@G

@ _z

����
t1

¼

@G

@ _x

@G

@ _u

2
664

3
775
t1

¼
�lðt1Þ

0

" #
¼ 0: (5:29)

The usable parts of this expression are the n conditions,

lðt1Þ ¼ 0: (5:30)

The remaining n boundary conditions necessary for solving the 2n differential
equations are the initial conditions for the state equation,

xðt0Þ ¼ x0: (5:31)

From (5.30) and (5.31) it may be seen that half of the boundary conditions
are valid at the initial time t0 and the rest are valid at the final time t1. This is
called a two point boundary value problem. It causes serious problems in working
with optimal control problems since it prevents direct solution of the set of
equations by analytical or numerical means.

So far the final value term in equation (5.3) has been omitted. To include this
term in the investigation the following is noted:

�ðxðt1Þ; t1Þ ¼ �ðxðt1Þ; t1Þ þ �ðxðt0Þ; t0Þ � �ðxðt0Þ; t0Þ: (5:32)

Then the performance index of equation (5.3) can be written:

JðuÞ ¼
ðt1
t0

d

dt
ð�ðxðtÞ; tÞÞdtþ

ðt1
t0

LðxðtÞ; uðtÞ; tÞdtþ �ðxðt0Þ; t0Þ; (5:33)

where the last term is a known constant and consequently it has no influence
on the optimization problem. It can therefore be ignored.

5.3 The Basis of Optimal Control – Calculus of Variations 301



The total differential of the scalar function �ðxðtÞ; tÞ of the n states is,

d�ðxðtÞ; tÞ ¼ @�

@x1
dx1 þ

@�

@x2
dx2 þ . . .þ @�

@xn
dxn: (5:34)

The derivative with respect to time is then:

d�ðxðtÞ; tÞ
dt

¼ @�

@x1
_x1 þ

@�

@x2
_x2 þ . . .þ @�

@xn
_xn ¼

@�

@x

� �T

_x: (5:35)

Equation (5.35) is inserted into the performance index (5.33) and same term is

added as in (5.20) (the last term is omitted as explained above),

ðt1
t0

@�

@x

� �T

_xþ Lþ lTðf� _xÞ
 !

dt; (5:36)

with the cost function,

G� ¼
@�

@x

� �T

_xþ Lþ lTðf� _xÞ; (5:37)

the Euler-Lagrange equation can be applied once more:

@G�

@x

@G�

@u

2
6664

3
7775� d

dt

@G�

@ _x

@G�

@ _u

2
6664

3
7775 ¼ 0: (5:38)

Calculating the partial derivatives leads to,

@G�

@x
¼ @L
@x
þ @

2�

@x2
_xþ @f

@x

� �T

l;

@G�

@u
¼ @L
@u
þ @f

@u

� �T

l;

@G�

@ _x
¼ @�

@x
� l ) d

dt

@G�

@ _x

� �
¼ @

2�

@x2
_x� _l;

@G�

@ _u
¼ 0 ) d

dt

@G�

@ _u

� �
¼ 0:

(5:39)
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If these expressions are used in equation (5.38) the Euler-Lagrange equations
become:

@L

@x
þ @f

@x

� �T

lþ _l ¼ 0; (5:40)

@L

@u
þ @f

@u

� �T

l ¼ 0; (5:41)

which is exactly the same as achieved in Eqs. (5.27) and (5.28) without the final
state term in the performance index.

The only new change appears in the natural boundary condition (5.16),

@G�

@ _x

����
t1

¼ 0 ) @�

@x
� l

� �����
t1

¼ 0; (5:42)

or

lðt1Þ ¼
@�ðxðt1Þ; t1Þ

@xðt1Þ
: (5:43)

Note the difference from equation (5.30).
The last step in this derivation has the purpose of avoiding the term f� _x in

Eqs. (5.36) and (5.37). The Hamilton function H is introduced (it is not a
function of _x):

HðxðtÞ; lðtÞ; uðtÞ; tÞ ¼ Lðx; u; tÞ þ lTðtÞ � fðxðtÞ; uðtÞ; tÞ; (5:44)

which gives the performance index (5.19) the following appearance:

JðuÞ ¼ �ðxðt1Þ; t1Þ þ
ðt1
t0

½HðxðtÞ; lðtÞ; uðtÞ; tÞ � lTðtÞ � _xðtÞ�dt: (5:45)

The partial derivatives of H are:y

@HðxðtÞ; uðtÞ; lðtÞ; tÞ
@lðtÞ ¼ fðxðtÞ; uðtÞ; tÞ ¼ _xðtÞ;

@HðxðtÞ; uðtÞ; lðtÞ; tÞ
@xðtÞ ¼ � _lðtÞ;

@HðxðtÞ; uðtÞ; lðtÞ; tÞ
@uðtÞ ¼ 0:

(5:46)

y The gradient of a scalar function f(x) is a column vector rfðxÞ ¼ @f
@x1

@f
@x2

. . . @f
@xn

h iT
. The

gradient of f with respect to x is denoted as @f
@x and fx. See Appendix B for further details on

vector calculus.
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Now each of these terms will be considered in turn to show what they represent

physically.
Referring to the expression forH in Eq. (5.44) it is seen that the first equation

in (5.46) is the equation of motion of the system or the state equation. The

n-dimensional Lagrange multiplier vector l is also called the co-state vector

and therefore the second equation is called the co-state equation:

@Hðx; u; l; tÞ
@x

¼ @Lðx; u; tÞ
@x

þ @fðx; u; tÞ
@u

� �T

l ¼ � _lðtÞ: (5:47)

The third and last equation is called the stationarity equation and normally gives

the relation between the control signal and the Lagrange multiplier l:

@Hðx; u; l; tÞ
@u

¼ @Lðx; u; tÞ
@u

þ @fðx; u; tÞ
@u

� �T

l ¼ 0: (5:48)

The Hamiltonian H plays a special role in the calculations. If H is not an

explicit function of time, i.e., if neither L nor f explicitly depend on t, then

the Hamiltonian is a constant over time. This can be demonstrated by differ-

entiation. By the chain rule for differentiation,

dH

dt
¼ HT

x _xþHT
u _uþHT

l
_lþ @H

@t
: (5:49)

Introducing the results in (5.47) and (5.48) one obtains

dH

dt
¼ � _lT _xþ 0 _uþ _xT _lþ @H

@t
¼ @H

@t
: (5:50)

This remaining term is zero if H is not an explicit function of time.

5.4 The Linear Quadratic Regulator

In general the non-linear optimization problem discussed in the previous sec-

tions cannot be solved analytically and the optimal control signal will have to be

found numerically. This of course severely limits the usefulness and convenience

of the general optimization theory, which is why the controller design is nor-

mally based on a linearized state space model of the plant.
The plant which is to be investigated is therefore a linearized one but may be

time varying. Here the states and inputs are the incremental ones though they

will be written as x(t) and u(t) here for the sake of simplicity:

_xðtÞ ¼ AðtÞxðtÞ þ BðtÞuðtÞ: (5:51)
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In general the cost function is also normally restricted to have a certain parti-
cularly simple structure which will now be motivated.

5.4.1 The Quadratic Cost Function

In the time-domain the performance of a controller is judged by its ability to
follow transient changes in an input, its ability to suppress disturbances and its
ability to limit or eliminate stationary errors. For example the controller per-
forms well if the step response rise time is short, the overshoot limited and the
settling time to a small stationary error is short. As depicted in Fig. 5.4 one can
arrive at this goal if the cross hatched area in the figure is minimized. If the input
step is r(t) and the response is termed y(t), then this area is given by the time
integral ð1

0

jrðtÞ � yðtÞjdt:

This particular performance index is a valid function to minimize because it is
limited by zero from below. However, from a computational point of view it is
easier to use a quadratic performance index of the form

ð1
0

ðrðtÞ � yðtÞÞ2dt:

This has many of the same properties as the index above and also in a more
general framework, where y(t) is replaced by a general state vector, x(t), this
expression is often related to the energy of the system, e.g. its kinetic and
potential energy.
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From the integral above it is obvious that the optimal control signal is one
that gives y(t) = r(t) for all t. However, this can only be achieved if the system is
made to change infinitely fast and therefore the control signal has to be infinite.
Obviously, for any physical system the cost function has to be modified to take
into account the fact that the control signal to the plant is limited in size and
bandwidth. This can be achieved by adding a term to the cost function which is
quadratic in the control signal u(t).

Initially, the regulator problem is considered, so the state is required to be
close to a stationary operating point. Since the plant will be linearized around
this operating point, the deviations in the state vector that should be added to
the cost function are deviations from the stationary point. This is zero in the
linearized model. This leads to an index of the form (written in terms of the
incremental states and inputs):

J ¼
ðt1
t0

½xTðtÞR1xðtÞ þ uTðtÞR2uðtÞ�dt:

The integral is assumed to have upper bound t1 <1, but later the special but
important case of an infinite upper bound will be considered. Before the
individual terms are discussed in detail, a final time state cost term is to be
included as a quadratic term. This then gives a quadratic performance index of
the form

JðuÞ ¼ 1

2
xTðt1ÞSðt1Þxðt1Þ þ

1

2

ðt1
t0

½xTR1ðtÞxðtÞ þ uTðtÞR2ðtÞuðtÞ�dt: (5:52)

The matrices S(t1), R1(t) and R2(t) are called the weight matrices and deter-
mine howmuch deviations of x(t1), x(t) and u(t) from their zeroes will add to the
overall cost function. A necessary condition for J to have a minimum is that it is
bounded from below. Therefore that all terms in the index are non-negative for
all values of x and u. This will be satisfied if S(t1) and R1(t) are positive semi-
definite for all values of t. Furthermore, since u(t) should be bounded for all t it
is necessary that R2(t) have the stronger property of being positive definite, i.e.,

Sðt1Þ � 0; 8t;

R1ðtÞ � 0; 8t;

R2ðtÞ40; 8t:

(5:53)

The three terms in (5.52) are quadratic forms. See Appendix B.4 for more
properties of quadratic forms.

The weight matrices will determine the influence of individual components of
the state vector or input vector relative to each other. For example if the element
½R1�ij is large, then the corresponding product of state vector elements xixj will
be penalized heavily in the cost function and the resulting optimal control law
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will tend to emphasize making that term small. In particular the relative sizes of
the quadratic forms xT(t)R1(t)x(t) and uT(t)R2(t)u(t) will determine the speed of
the control system. If R1(t) is selected such that the first term is large compared
to the second term the system states will tend to respond faster at the cost of
increasing the control signal. In the opposite case the inputs are forced to
remain small. As a consequence the response will be slow and the overall
deviation of the state vector from stationary state (i.e., zero) will be larger. In
this way the relative weights of the twomatrices can be used to tune the response
speed at the same time limiting of the size of the control signal.

The final state term takes into account the fact that it may not be possible to
reach the state zero exactly. The weight matrix S(t1) penalizes errors in the final
state.

If it is known what the maximum sizes of the final initial states, continuing
states and continuing inputs are, then the following general rule can be given for
the selection of the weighting matrices:

½SðtÞ�ii ¼
1

maxð½xiðt1Þ�2Þ
; (5:54)

½R1ðtÞ�ii ¼
1

ðt1 � t0Þ �maxð½xiðtÞ�2Þ
; (5:55)

½R2ðtÞ�jj ¼
1

ðt1 � t0Þ �maxð½uiðtÞ�2Þ
; (5:56)

where i ¼ 1; 2; . . . ; n and j ¼ 1; 2; . . . ;m. If the time is not important in the
intended application then the time interval in the parenthesis, (t1 � t0), may
be set equal to 1. Cross product terms may be used in the weighting matrices if
there is interaction among the input or state components.

5.4.2 Linear Quadratic Control

In this section what is perhaps the most important modern LQR controller will
be presented. This is a MIMO linear closed loop controller. The system is
assumed to be linear but possibly time varying, i.e., it is described by the state
equation

_xðtÞ ¼ AðtÞxðtÞ þ BðtÞuðtÞ: (5:57)

The controller is required to minimize a performance index of the form (5.52).
The final time is fixed but now the final state is allowed to deviate from zero.

It is inserted into the performance index with a positive semi-definite weight
matrix S(t1),
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Sðt1Þ � 0:

The state and control signal weight matrices are assumed to be positive semi-
definite and positive definite respectively:

R1ðtÞ � 0 and R2ðtÞ40; 8t:

The boundary condition is given by equation (5.43). Since
�ðxðt1Þ; t1Þ ¼ 1

2 x
Tðt1ÞSðt1Þxðt1Þ this gives

lðt1Þ ¼ Sðt1Þxðt1Þ: (5:58)

The Hamiltonian of the system is

H ¼ 1

2
xTðtÞR1ðtÞxðtÞ þ

1

2
uTðtÞR2ðtÞuðtÞ þ lTðtÞðAðtÞxðtÞ þ BðtÞuðtÞÞ: (5:59)

Hence the co-state equation becomes

_lðtÞ ¼ � @H

@xðtÞ ¼ �R1ðtÞxðtÞxðtÞ � ATðtÞlðtÞ (5:60)

and the stationarity equation is

0 ¼ @H

@uðtÞ ¼ R2ðtÞuðtÞ þ BTðtÞlðtÞ¼)uðtÞ ¼ �R�12 ðtÞBTðtÞlðtÞ: (5:61)

The state equation and the co-state equation are two differential equations in
the state and co-state variables with the initial condition that the state vector
starts in x(t0) = x0 and that at time t1 the co-state obeys equation (5.58). In
general, solving these equations directly is difficult because of the two point
boundary value problem. However in the linear-quadratic case it is possible to
employ a trick which will make it possible to get around this problem.

If equation (5.61) is inserted into the state equation (5.57) then this equation
and (5.60) can be expressed as

_xðtÞ
_lðtÞ

� �
¼ AðtÞ �BðtÞR�12 ðtÞBTðtÞ
�R1ðtÞ �ATðtÞ

" #
xðtÞ
lðtÞ

� �
¼ HðtÞ

xðtÞ
lðtÞ

� �
: (5:62)

This is called the Hamilton equation and the matrix H(t) is called the
Hamiltonian.

The solution to this unforced 2n-dimensional state equation is, according
to (3.20),

xðtÞ
lðtÞ

� �
¼ fðt; t0Þ

xðt0Þ
lðt0Þ

� �
¼

f1ðt; t0Þ f2ðt; t0Þ
f3ðt; t0Þ f4ðt; t0Þ

� �
xðt0Þ
lðt0Þ

� �
; (5:63)
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where the state transition matrix has been partitioned into 4 n� n matrices.
Applying the property (3.24), the solution can also be written

xðtÞ
lðtÞ

� �
�

f1ðt; t1Þ f2ðt; t1Þ
f3ðt; t1Þ f4ðt; t1Þ

� �
xðt1Þ
lðt1Þ

� �
: (5:64)

Using (5.58) and eliminating x(t1) from the two equations in (5.64) leads to

lðtÞ ¼ ðf3ðt; t1Þ þ f4ðt; t1ÞSðt1ÞÞ � ðf1ðt; t1Þ þ f2ðt; t1ÞSðt1ÞÞ�1xðtÞ; (5:65)

which can be written,

lðtÞ ¼ PðtÞxðtÞ: (5:66)

The matrix P(t) is obviously a function of the constant final time t1 as well as of
t, so it would be more correct to write P as P(t, t1). However, it is common
practice to omit the final time as an argument as seen in Eq (5.66).

Equation (5.58) shows that

Pðt1Þ ¼ Sðt1Þ: (5:67)

The control signal will be given by equation (5.61)

uðtÞ ¼ �R�12 ðtÞBTðtÞPðtÞxðtÞ: (5:68)

Equation (5.68) shows that the control vector is derived from the state vector. In
other words, a closed loop control has been established which is very convenient
from an applications point of view.

The remaining problem is to determine the matrix P(t). This matrix must
obey a differential equation that follows from differentiating (5.66) with respect
to time,

_lðtÞ ¼ _PðtÞxðtÞ þ PðtÞ _xðtÞ: (5:69)

Inserting the state and co-state equations and using equation (5.66) yields

� R1ðtÞxðtÞ � ATðtÞPðtÞxðtÞ

¼ _PðtÞxðtÞ þ PðtÞ½AðtÞxðtÞ � BðtÞR�12 ðtÞBTðtÞPðtÞxðtÞ�:
(5:70)

This equation has a solution for all x(t) if P(t) obeys the differential equation:

� _PðtÞ ¼ PðtÞAðtÞ þ ATðtÞPðtÞ � PðtÞBðtÞR�12 ðtÞBTðtÞPðtÞ þ R1ðtÞ: (5:71)

This important differential equation is known as the Riccati equation. The
relevant boundary conditions are given by equation (5.67).

The Riccati equation is a coupled set of n2 first order non-linear differential
equations, defined on the interval t0 � t � t1 with n2 boundary conditions at
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the final time t1. This equation has to be solved backwards in time starting at

time t1. Under certain very general conditions the equation has one unique

solution. For an analysis of this point the reader is referred to Kwakernaak and

Sivan (1972) and Bryson and Ho (1975). S(t1) is symmetric and because the

Riccati equation is also symmetric, the solution will be symmetric for all values

of t (see Problem 5.17). This means that the number of equations in equation

(5.71) is reduced to n(n þ 1)/2.
The conclusion from the above is that under fairly loose conditions the

Riccati equation will have a real solution and from this a controller can be

designed that will minimize the quadratic performance index. The existence of a

solution to the Riccati equation does not require the system to be controllable.

Even with the loss of full controllability the controller will attempt to minimize

the performance index. However it is likely that it will be more capable if the

system is controllable.
Observing that in general the Riccati equation has a unique solution, it can

be concluded that the optimal controller for the linear quadratic regulator

problem has a unique solution in the form of a control signal that is a state

feedback controller:

uðtÞ ¼ �KðtÞxðtÞ: (5:72)

The time-dependent feedback gain K(t) is called the LQR (Linear Quadratic

Regulator) gain or optimal regulator gain and can be inferred from equation

(5.68) to be:

KðtÞ ¼ R�12 ðtÞBTðtÞPðtÞ: (5:73)

Figure 5.5 shows the state feedback block diagram for the LQ regulator. It is

seen that in general the LQR gain will be time-dependent even when the system

A

CB ∫
xu x· yr

+

+

–

+

K (t)

K (t) = R2
–1(t) BT(t) P(t)

–P(t) = P(t)A(t) + AT(t)P(t) – P(t)B(t)R2
–1 (t)BT(t)P(t) + R1(t)   ·

Fig. 5.5 Closed loop linear quadratic regulator
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is LTI and the cost function has constant weight matrices. It should also be

noted that the LQR controller is a linear state feedback controller and that

the LQR gain is solely dependent on parameters known in advance and can

therefore be calculated off-line.
Having obtained the optimal control signal, the closed loop system becomes

_xðtÞ ¼ AcðtÞxðtÞ ¼ ðAðtÞ � BðtÞKðtÞÞxðtÞ: (5:74)

The optimal regulator’s eigenfrequencies are thus determined in the same way

as any state feedback controller and it has exactly the same structure.
Inserting the optimal gain into the Riccati equation it can be seen that it can

be written in the so-called Josephson stabilized form:

� _P ¼ PðA� BKÞ þ ðA� BKÞTPþ KTR2Kþ R1: (5:75)

The value of the performance index can be evaluated based on the solution to

the Riccati equation. First note that

d

dt
ðxTPxÞ ¼ _xTPxþ xT _Pxþ xTP _x: (5:76)

If equations (5.57), (5.68) and (5.71) are inserted into (5.76), one finds that

d

dt
ðxTPxÞ ¼ �xTR1x� uTR2u: (5:77)

Inserting this into the index leads to

JðuÞ ¼ 1

2
xTðt1ÞSðt1Þxðt1Þ þ �

1

2

ðt1
t0

d

dt
ðxðtÞTPðtÞxðtÞÞ

� �
dt

¼ 1

2
xTðt1ÞSðt1Þxðt1Þ �

1

2
xTðt1ÞPðt1Þxðt1Þ þ

1

2
xTðt0ÞPðt0Þxðt0Þ:

The first two terms disappear because of (5.67) and the optimum (minimum)

value of the performance index can be found:

Jmin ¼
1

2
xTðt0ÞPðt0Þxðt0Þ: (5:78)

Example 5.2. LQ Regulator for a First Order System

To show the basic characteristics of LQR regulators a controller for a simple

first order system will be designed first. The scalar state equation is,

_xðtÞ ¼ axðtÞ þ buðtÞ;

5.4 The Linear Quadratic Regulator 311



where a and b are constants.
The performance index is the following quadratic function:

J ¼ 1

2
sðt1Þx2ðt1Þ þ

1

2

ðt1
0

ðr1x2ðtÞ þ r2u
2ðtÞÞdt:

The boundedness of the performance index dictates that s(t1) � 0, r1 � 0 and
r2> 0.Without any loss of generality it may be assumed that the system starts at
time 0 (since the system is time invariant). The system starts with the state
variable x(0) = x0. The Riccati equation for the control object is the following
first order ordinary differential equation,

� _pðtÞ ¼ 2apðtÞ þ r1 �
b2

r2
p2ðtÞ:

The solution to this equation can be inserted into equations (5.72) and (5.73) for
the LQR gain to give the state feedback controller:

uðtÞ ¼ �KðtÞxðtÞ ¼ �bpðtÞxðtÞ:

In this simple example the solution of the Riccati equation can be found
analytically. Rearranging the terms in the equation and integrating gives:

dp

dt
¼ b2

r2
p2ðtÞ � 2apðtÞ � r1 )

ðpðt1Þ
pðtÞ

dp
b2

r2
p2 � 2ap� r1

¼
ðt1
t

d�:

Integrating both sides of the equation on the right and rearranging the terms
yields

pðtÞ ¼ p2 �
p2 � p1

1� pðt1Þ � p1
pðt1Þ � p2

e
b2

r2
ðp2�p1Þðt1�tÞ

: (5:79)

Here

p1 ¼
a

b2
þ 1

b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

b2
þ r1
r2

s

and

p2 ¼
a

b2
� 1

b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

b2
þ r1
r2

s
:

Thus even in the simple scalar case the controller feedback becomes a relatively
complicated time varying function. However, since the solution only depends
on parameters known prior to controlling the process, the solution can be
calculated off-line and stored in the form of a table, so the online computational
load is limited.
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Given that a=3, b=3, r1= 7, r2= 1, s(t1) = 3 and choosing the final time
t1= 1 the solution to the Riccati equation is obtained as shown on Fig. 5.6. The
function ends at time t1=1 at the final value p(t1) = s(t1). If the time going

backwards from t1 to zero is considered, p decreases to a constant value fairly
rapidly. This stationary value is found from the equation by letting t1 � t grow
‘large’. Since p2 � p1 < 0, the exponential function in (5.77) tends to zero for
large values of t1 � t and consequently p converges to the value

p ¼ p1 ¼
a

b2
þ 1

b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

b2
þ r1
r2

s
¼ 1:276:

The state x(t) for four different values of r1 and for x0 = 5 is plotted in Fig. 5.7.
The control signal is shown on Fig. 5.8. It is noted that the response becomes
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faster the larger the value of r1 and the price to be paid is that the control signal

becomes larger. In the case r1 = 0 the state is not taken into account at all in the

performance index.
It should also be noted that the LQR gain is approximately proportional toffiffiffiffiffiffiffiffiffiffi
r1=r2

p
for large values of t1� t. This is generally true for LQR regulators and is

a useful rule of thumb.
Since a is positive, the open loop system is unstable. This is no problem when

an LQR regulator is used. The closed loop system found with the LQR meth-

odology will always be stable under the proper conditions. r

Example 5.3. Closed Loop LQR for a Double Integrator

Consider now the double integrator described by the state equation:

_xðtÞ ¼ AxðtÞ þ BuðtÞ ¼
0 1

0 0

� �
pðtÞ
vðtÞ

� �
þ

0

1

� �
uðtÞ:

The state vector here is comprised of the position p(t) and the velocity �(t) and
the control input is the acceleration u(t). The performance index which has to be

minimized is the following:

J ¼ 1

2
xTðt1ÞSðt1Þxðt1Þ þ

1

2

ðt1
t0

ðxTðtÞR1xðtÞ þ r2u
2ðtÞÞdt:

Here the weight matrices are selected to be

Sðt1Þ ¼
s11ðt1Þ s12ðt1Þ
s12ðt1Þ s22ðt1Þ

� �
;

t [sec]
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R1 ¼
rp 0

0 rv

" #
;

r240:

In order for S(t1) and R1 to be positive semi-definite, the parameters rp, rv, r2
and the eigenvalues of S(t1) have to be non-negative. Introducing the weight

parameter matrices in the Riccati equation gives

� _PðtÞ ¼ ATPðtÞ þ PðtÞAþ R1 � PðtÞBR�12 BTPðtÞ

¼
0 0

1 0

" #
PðtÞ þ PðtÞ

0 1

0 0

" #
þ

rp 0

0 rv

" #
� PðtÞ

0

1

" #
1

r2
0 1½ �PðtÞ:

As P(t) is symmetric this leads to three equations for the elements of

PðtÞ ¼ p11 p12
p12 p22

� �
:

� _p11 ¼ rp �
1

r2
p212;

� _p12 ¼ p11 �
1

r2
p12p22;

� _p22 ¼ rv þ 2p12 �
1

r2
p222:

These equations have to be solved backwards in time from an initial value

at time t1 of S(t1). A numerical integration with the parameter values at

s11(t1) = s12(t1) = s22(t1) = 1, rp = 3, rv = 4 and r2 = 1 gives the solution

shown in Fig. 5.9 (remember that P(t1) = S(t1)).
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Fig. 5.9 Solution of the
Riccati equation for the
double integrator
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It is seen from the figure that the three values of the matrix elements of
P(t) approach a constant when t1 � t becomes sufficiently large. It will be seen
later that this is a general quality of the Riccati equation that occurs under
certain well-defined conditions. Having established the values of P(t) it is
easy to calculate the control signal from equation (5.72) and the LQR gain in
(5.73). Suppose the system starts at time t = 0 and has the stationary position
x1(0) = 1. Then the optimal controller will give a response as seen in Fig. 5.10.
In the figure there are three different controls with different values of the R1

matrix. It is seen that the larger the values of the R1 matrix elements, the faster
the response at the expense of a larger control signal. r

5.5 Steady State Linear Quadratic Regulator

The closed-loop LQR controller from Sect. 5.4.2 is the optimal controller that
minimizes the performance index over a finite time interval [t0, t1]. As has been
demonstrated this leads to a time varying LQR gain matrix which can be
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calculated off-line. In most cases it is more convenient to have a constant gain

matrix and therefore attention is directed to the last example of the previous

section, Fig. 5.9. It is seen that the solution to the Riccati equation becomes a

matrix with constant elements over much of the time interval.
It would therefore be of interest to look at an optimal control problem with

a performance index extending to infinity:

JðuÞ ¼ lim
t!1

ðt
t0

ðxTðtÞR1xðtÞ þ uðtÞR2uðtÞÞdt
� �

: (5:80)

Assume further that the system is time invariant, i.e.,

_xðtÞ ¼ AxðtÞ þ BuðtÞ; (5:81)

so that all of the matrices are assumed to be constants and R1 � 0 and R2 > 0.
Since the problem with standard LQR controllers is to move the incremental

states to the zero state in an optimal way, the state vector x(t) will approach the

zero-vector as t1 ! 1 if the closed loop system is stable. It is therefore of no

relevance to include a final state term here. This is the same as setting S(t1) = 0

in equation (5.52).
It is not difficult to show that the optimum value Jmin of the index has an

upper bound for all values of the final time if the system is stabilizable. It is

obvious that the index is monotonically non-decreasing and these facts prove

that the index has a limiting value even for t1!1.
The optimum value of the index is given by equation (5.78). Since the system

is time invariant, this value Jmin must be independent of the initial time t0 which

means that the matrix P must be constant. This implies that _P ¼ 0 and the

Riccati equation reduces to

0 ¼ ATPþ PAþ R1 � PBR�12 BTP: (5:82)

This is a set of coupled nonlinear (quadratic) algebraic equations. It is common
practice to call this equation the Algebraic Riccati Equation (ARE) although it

is no longer a differential equation. The limiting constant solution is denoted

as P1.
Equation (5.82) may have multiple solutions, but it can be shown that only

one of them is positive semi-definite (provided that the system is stabilizable)

and that particular solution leads to the minimum value of the performance

index:

Jmin ¼
1

2
xT0P1x0: (5:83)

The optimal steady state gain matrix is found as before as

K1 ¼ R�12 BTP1 (5:84)
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and the control signal becomes

uðtÞ ¼ �K1xðtÞ: (5:85)

A very important property of LQR regulators is that the closed-loop system

is stable under certain conditions. The following theorem is stated without

proof and the interested reader should refer to Lewis (1986) and Bryson and

Ho (1975) for details:

Steady State Continuous LQR Regulator Theorem:

For the system described by the time invariant state equation,

_xðtÞ ¼ AxðtÞ þ BuðtÞ; (5:86)

subject to the following performance index,

JðuÞ ¼
ðt1
0

ðxTðtÞR1xðtÞ þ uTðtÞR2uðtÞÞdt; (5:87)

then the following holds true:
If the system in equation (5.86) is stabilizable and the matrix pair (A,

ffiffiffiffiffiffi
R1

p
) is

detectable then the algebraic Riccati equation has one and only one solution

which is positive definite. This solution, P1, leads to the minimum value (5.83)

for the performance index.
If the system in equation (5.86) is stabilizable and the matrix pair (A,

ffiffiffiffiffiffi
R1

p
) is

detectable then the resulting state feedback law,

uðtÞ ¼ �K1xðtÞ ¼ �R�12 BTP1xðtÞ; (5:88)

gives an asymptotically stable closed loop system.
This is probably one of the most important results in modern control theory

and one that has far-reaching consequences for the design of optimal control

systems. Basically, the theorem ensures that under very broad conditions

(stabilizability and detectability), which can easily be tested for LTI systems,

the state-feedback in equation (5.88) will give a stable control system.

Example 5.4. Steady State LQR for the First Order System

The first order system in Example 5.2 has the state equation,

_xðtÞ ¼ axðtÞ þ buðtÞ;

which is controllable (and therefore also stabilizable) if b 6¼ 0. The steady-state

performance index is:

J ¼ 1

2

ð1
0

ðr1x2ðtÞ þ r2u
2ðtÞÞdt:
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Here, r2> 0 and if r1> 0 the ‘matrix’ pair (a,
ffiffiffiffi
r1
p

) is observable (and detectable
of course). Then the steady-state optimal control law can be found by solving
the ARE,

0 ¼ 2ap1 þ r1 �
b2

r2
p21:

This equation has one positive solution,

p1 ¼
1

b2
aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r1b2

r2

s0
@

1
A:

Comparing with Example 5.2, it is clear that this is exactly the same as obtained
for large t1 � t. The feedback control law is then:

uðtÞ ¼ �bp1xðtÞ ¼ �
a

b
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a

b

� 	2
þ r1
r2

r� �
xðtÞ:

The control law is seen to give large control signals for large values of r1 / r2 and
small control signals for small values of r1 / r2. The LQR gain is approximately
proportional to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1=r2Þ

p
as noted earlier. The pole of the closed loop system is

easily calculated to be

s ¼ � 1

b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

b2
þ r1
r2

s
:

Again the general feature of the control law is to give a faster system for large
values of r1/r2.

If controllability is lost, i.e., b = 0, control is impossible since the control
signal cannot influence the system. The LQR calculation does its best to cope
with the situation by making the control signal infinite. The closed loop state
equation reduces to _xðtÞ ¼ axðtÞ, so stability depends on the sign of a. If r1! 0
the system is not observable and detectability may also have been lost. In this
case the control signal becomes

uðtÞ ¼ � a

b
þ a

b

��� ���� 	
xðtÞ:

The closed loop state equation is consequently

_xðtÞ ¼ � b

jbj jajxðtÞ:

and the stability now depends on the sign of b. r
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Example 5.5. Steady State LQR for the Double Integrator

The next example here is for the second order system from Example 5.3. This is

a double integrator with the state equation:

xðtÞ ¼
0 1

0 0

� �
xðtÞ þ

0

1

� �
uðtÞ:

The controller has to minimize the performance index,

J ¼
ð1
0

ðxTðtÞR1xðtÞ þ r2u
2ðtÞÞdt:

The state weight matrix is chosen to be diagonal: R1 ¼
rp 0

0 rv

� �
. rp and rv are

the position and velocity weights respectively. With the values above the alge-

braic Riccati equation results in the following three coupled equations:

0 ¼ rp �
1

r2
p212;

0 ¼ p11 �
1

r2
p12p22;

0 ¼ 2p12 þ rv �
1

r2
p222

:

Here, P1 ¼
p11 p12
p12 p22

� �
is the solution to the ARE. This algebraic equation is

easily solved and gives the unique positive definite solution:

p11 ¼
ffiffiffiffi
rp
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2r2
ffiffiffiffiffiffiffiffi
rpr2
p þ rvr2

q
;

p12 ¼
ffiffiffiffiffiffiffiffi
rpr2
p

;

p22 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r2

ffiffiffiffiffiffiffiffi
rpr2
p þ rvr2

q
:

The controller becomes a state feedback controller with the control signal:

uðtÞ ¼ �K1xðtÞ ¼ ð�R�12 BTP1xðtÞÞ

¼ �
ffiffiffiffi
rp

r2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffiffi
rp

r2

r
þ rv
r2

s" #
xðtÞ:
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It is seen that the control gain increases as the weights of the states are

increased, i.e., rp and rv are increased compared to the control signal weight.

The closed loop characteristic equation can be found as

s2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffiffi
rp

r2

r
þ rv
r2

s
sþ

ffiffiffiffi
rp

r2

r
¼ 0:

The corresponding closed loop eigenfrequency on and damping ratio � can be

seen to be:

on ¼
ffiffiffiffi
rp

r2

4

r
;

� ¼ 1ffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ rv

2
ffiffiffiffi
r2
p ffiffiffiffi

rp
p

r
:

Now let r2 = 1. It is then clear that if the weight of the velocity is zero (rv = 0)

the closed loop poles have a damping ratio of 1=ð
ffiffiffi
2
p
Þ 	 0:71. The root-locus as

a function of weights is seen in Fig. 5.11, where rp varies from 0 till 10. For this

particular system it is seen that the damping ratio of the closed loop poles is

always guaranteed to be greater than 0.71 for positive weight matrix elements.

So for this type of second order system the steady-state LQ regulator gives a

well-damped system. r

Example 5.6. Steady State LQR for the Two Link Robot

The robot control problem in Example 4.14 is now repeated with the steady

state (continuous time) LQ regulator. The linear system model is given by:

–2 –1.5 –1 –0.5 0 0.5 1
–1.5

–1

–0.5

0

1

1.5

0.5

2 1 0.5rv = 5 0.1 0

Fig. 5.11 Root-locus for
Newtonian system for
variation of rp
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_xðtÞ ¼

0 1 0 0

17:832 0 �3:0024 0

0 0 0 1

�30:063 0 10:456 0

2
6664

3
7775xðtÞ þ

0 0

1:2514 �2:4337
0 0

�2:4337 6:5512

2
6664

3
7775uðtÞ

¼ AxðtÞ þ BuðtÞ:

In order to eliminate stationary errors, output error integration will be
introduced and the system augmented with two error integral states that obey
the state equation

_xiðtÞ ¼ rðtÞ � yðtÞ ¼ eðtÞ:

The error is here the difference of a set of reference positions, r(t), and the actual
outputs, y(t). The resulting augmented system has six states and therefore the
weight matrix for the states becomes

R1 ¼

1 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 500 250

0 0 0 0 250 500

2
666666664

3
777777775
:

The error integrals are weighted harder to make sure that they will be
eliminated quickly. The selection of weight matrix elements is done by trial
and error, as is common practice. However, the overall guideline is quite simple.
If a given state vector element upon simulation is responding too slowly,
the corresponding state weight matrix diagonal element has to be increased.
Similarly for the relative strength of the control signals. Since cross coupling
between the two links is amajor problem, the integral error cross coupling terms
are also weighted harder. The maximum torques that the actuators can exert on
the links are not available. If they were then a good relative weight for the
control signals would be

R2 ¼ r

1
maxðu2

1
Þ 0

0 1
maxðu2

2
Þ

2
4

3
5:

The two control signals are weighted such that the lower link torque is allowed
to be relatively larger, since it carries a greater load. A good selection seems to
be

R2 ¼ 5 � 10�4
1 0

0 10

� �
:
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As in Example 4.14 the robot starts from initial position (458,�308), makes a

step at t=0.1 sec to (�458,�308) and finally at t=3 secmakes another step to a

final position (�458, 308). The resulting state responses are depicted in Fig. 5.12.
The control signals are shown in Fig 5.13. For comparison a pole placement

controller is also shown that is designed to have roughly the same maximum

control signal inputs.
As is seen the LQR controller works well even on a non-linear system such as

the two link robot. Compared to the pole placement controller it is much faster

in response with roughly the same control signal. However the cross coupling

from link 2 to link 1 is substantial and it is likely that finer tuning could decouple

this interaction. r
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Fig. 5.12 Two-link robot
position
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Fig. 5.13 Control signals for
the two link robot
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5.5.1 Robustness of LQR Control

LQR regulators have some particularly useful characteristics as regards their
gain margin, phase margin and tolerance of modelling error. For time varying
control objects this robustness is dependent on the characteristics of the system
in question and what control is being required of it. For LTI control objects
however it is possible to be much more concrete. This subsection documents the
stability characteristics of LQR controllers when applied to LTI systems.

The approach to the robustness of LQR regulators here is based on Lyapunov’s
direct method which was reviewed in Sect. 3.7.5. Consider a Lyapunov candi-
date function, V(x) = xTPx, for a LQR regulator. It is known from previous
sections that P > 0 (is positive definite). This means that it must be so that the
time derivative of V is neative for stability, i.e., _V50 for x 6¼ 0. _V can be found
by differentiation of the candidate Lyapunov function. Assume that the B

matrix of the control object is incorrect or has been changed to a different
one for some reason or another to B�:

_V ¼ xTP _xþ _xTPx

¼ xTPðA� B�K1Þxþ xTPðAT � KT
1B

T
�ÞPx

¼ xTðPAþ ATPÞx� xTðPB�K1 þ KTBT
�PÞx;

(5:89)

where K1 is the optimal steady state LQR gain and the x time derivatives have
been replaced by the closed loop state equation, _x ¼ ðA� B�K1Þx, including
the modified input matrix, B�. The input to the state equation can be ignored
because it does not influence the stability of the system. The term in the
parenthesis on the left in the last line above can be replaced by �R1 þ PBK1
since the system is known to answer to the steady state Riccati equation (5.82).

The quantities in the parentheses in Eq. (5.89) are the argument of a quad-
ratic form, thus

_V ¼ xTð�R1 þ PBK1Þx� xTð2PB�K1Þx

¼ xTð�R1 þ PBK1 � 2PB�K1Þx

¼ xtð�R1 þ PðB� 2B�ÞK1Þx:

(5:90)

Now let B� = B� where � is a diagonal matrix of arbitrary gains. Then the
condition for stability, _V50, requires that

R1 � PBðI� 2�ÞK140: (5:91)

If � is allowed to vary then for stability, �ii4 1
2, i=1,2, . . ., n, and an LQR

regulator allows for a one half gain reduction. On the other hand it is allowed
that �ii !1 and an infinite gain margin is predicted for a gain increase, given
an accurate control object model.
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The phase margin can be investigated approximately by letting the diagonal
elements of � be phases, �ii ¼ ej�i . In this case it is clear that it is permitted that
the real part of the matrix elements of � be greater than ½ for all | yi | < 608.
Thus there is a 608 phase margin for all inputs.

It is thus seen that LQR control of LTI systems can be realized with
guarenteed large gain and phase margins given accurate control object informa-
tion. This inherent robustness is one of the main reasons that LQR control is
currently so wide spread in so many different control applications. Moreover it
is the most important benchmark to which any other multivariable controller is
compared when considering a particular control application.

5.5.2 LQR Design: Eigenstructure Assignment Approach

Now a different way of designing a steady-state LQ regulator will be given. In
certain cases this method can be used to an advantage.

A LTI control object will be assumed to have the usual linearized form:

_xðtÞ ¼ AxðtÞ þ BuðtÞ; (5:92)

with the steady-state performance index:

J ¼ 1

2

ð1
0

ðxTðtÞR1xðtÞ þ uTðtÞR2uðtÞÞ dt: (5:93)

It is also assumed that the system (A, B) is stabilizable and that (A,
ffiffiffiffiffiffi
R1

p
) is

detectable.
It is now to be shown that the steady-state optimal state feedback gain K1

can be found directly from the Hamiltonian system (5.62) as

_xðtÞ
_lðtÞ

� �
¼ A �BR�12 BT

�R1 �AT

" #
xðtÞ
lðtÞ

� �
¼ H

xðtÞ
lðtÞ

� �
: (5:94)

Moreover it will be shown that the optimal closed loop system,

_xðtÞ ¼ ðA� BK1ÞxðtÞ; (9:95)

has eigenvalues that are the stable eigenvalues of H. Above K1 is the state
feedback gain in equation (5.88).

The derivation of the state feedback gain K1 starts with the observation
that the eigenvalues of H are symmetric on either side of the imaginary axis.
To show this start by noting that

JHTJ ¼ H;
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