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MATLAB USAGE AND
COMPUTATIONAL ERRORS

1.1 BASIC OPERATIONS OF MATLAB

MATLAB is a high-level software package with many built-in functions that
make the learning of numerical methods much easier and more interesting. In
this section we will introduce some basic operations that will enable you to
learn the software and build your own programs for problem solving. In the
workstation environment, you type “matlab” to start the program, while in the
PC environment, you simply double-click the MATLAB icon.

Once you start the MATLAB program, a Command window will open with the
MATLAB prompt >>. On the command line, you can type MATLAB commands,
functions together with their input/output arguments, and the names of script files
containing a block of statements to be executed at a time or functions defined
by users. The MATLAB program files must have the extension name ***.m to
be executed in the MATLAB environment. If you want to create a new M-file
or edit an existing file, you click File/New/M-file or File/Open in the top left
corner of the main menu, find/select/load the file by double-clicking it, and then
begin editing it in the Editor window. If the path of the file you want to run
is not listed in the MATLAB search path, the file name will not be recognized
by MATLAB. In such cases, you need to add the path to the MATLAB-path
list by clicking the menu ‘File/Set Path’ in the Command window, clicking the
‘Add Folder’ button, browsing/clicking the folder name, and finally clicking the
SAVE button and the Close button. The lookfor command is available to help
you find the MATLAB commands/functions which are related with a job you
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want to be done. The help command helps you know the usage of a particular
command/function. You may type directly in the Command window

>>lookfor repeat or >>help for

to find the MATLAB commands in connection with ‘repeat’ or to obtain infor-
mation about the “for loop”.

1.1.1 Input/Output of Data from MATLAB Command Window

MATLAB remembers all input data in a session (anything entered through direct
keyboard input or running a script file) until the command ‘clear()’ is given or
you exit MATLAB.

One of the many features of MATLAB is that it enables us to deal with the
vectors/matrices in the same way as scalars. For instance, to input the matri-
ces/vectors,

A =
[

1 2 3
4 5 6

]
, B =


 3

−2
1


 , C = [

1 −2 3 −4
]

type in the MATLAB Command window as below:

>>A = [1 2 3;4 5 6]
A = 1 2 3

4 5 6
>>B = [3;-2;1]; %put the semicolon at the end of the statement to suppress

the result printout onto the screen
>>C = [1 -2 3 -4]

At the end of the statement, press <Enter> if you want to check the result
of executing the statement immediately. Otherwise, type a semicolon “;” before
pressing <Enter> so that your window will not be overloaded by a long display
of results.

1.1.2 Input/Output of Data Through Files

MATLAB can handle two types of data files. One is the binary format mat-
files named ***.mat. This kind of file can preserve the values of more than one
variable, but will be handled only in the MATLAB environment and cannot be
shared with other programming environments. The other is the ASCII dat-files
named ***.dat, which can be shared with other programming environments, but
preserve the values of only one variable.

Below are a few sample statements for storing some data into a mat-file in
the current directory and reading the data back from the mat-file:

>>save ABC A B C %store the values of A,B,C into the file ’ABC.mat’
>>clear A C %clear the memory of MATLAB about A,C
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>>A %what is the value of A?
??? Undefined function or variable ’A’

>>load ABC A C %read the values of A,C from the file ’ABC.mat’
>>A %the value of A

A = 1 2 3
4 5 6

If you want to store the data into an ASCII dat-file (in the current directory),
make the filename the same as the name of the data and type ‘/ascii’ at the
end of the save statement.

>>save B.dat B /ascii

However, with the save/load commands into/from a dat-file, the value of only
one variable having the lowercase name can be saved/loaded, a scalar or a vec-
tor/matrix. Besides, non-numeric data cannot be handled by using a dat-file. If
you save a string data into a dat-file, its ASCII code will be saved. If a dat-file
is constructed to have a data matrix in other environments than MATLAB, every
line (row) of the file must have the same number of columns. If you want to read
the data from the dat-file in MATLAB, just type the (lowercase) filename ***.dat
after ‘load’, which will also be recognized as the name of the data contained in
the dat-file.

>>load b.dat %read the value of variable b from the ascii file ’b.dat’

On the MATLAB command line, you can type ‘nm112’ to run the following
M-file ‘nm112.m’ consisting of several file input(save)/output(load) statements.
Then you will see the effects of the individual statements from the running
results appearing on the screen.

%nm112.m
clear
A = [1 2 3;4 5 6]
B = [3;-2;1];
C(2) = 2; C(4) = 4
disp(’Press any key to see the input/output through Files’)
save ABC A B C %save A,B & C as a MAT-file named ’ABC.mat’
clear(’A’,’C’) %remove the memory about A and C
load ABC A C %read MAT-file to recollect the memory about A and C
save B.dat B /ascii %save B as an ASCII-file named ’b.dat’
clear B
load b.dat %read ASCII-file to recollect the memory about b
b
x = input(’Enter x:’)
format short e
x
format rat, x
format long, x
format short, x



4 MATLAB USAGE AND COMPUTATIONAL ERRORS

1.1.3 Input/Output of Data Using Keyboard

The command ‘input’ enables the user to input some data via the keyboard.
For example,

>>x = input(’Enter x: ’)
Enter x: 1/3
x = 0.3333

Note that the fraction 1/3 is a nonterminating decimal number, but only four
digits after the decimal point are displayed as the result of executing the above
command. This is a choice of formatting in MATLAB. One may choose to
display more decimal places by using the command ‘format’, which can make
a fraction show up as a fraction, as a decimal number with more digits, or even
in an exponential form of a normalized number times 10 to the power of some
integer. For instance:

>>format rat %as a rational number
>>x

x = 1/3
>>format long %as a decimal number with 14 digits
>>x

x = 0.33333333333333
>>format long e %as a long exponential form
>>x

x = 3.333333333333333e-001
>>format hex %as a hexadecimal form as represented/stored in memory
>>x

x = 3fd5555555555555
>>format short e %as a short exponential form
>>x

x = 3.3333e-001
>>format short %back to a short form (default)
>>x

x = 0.3333

Note that the number of displayed digits is not the actual number of significant
digits of the value stored in computer memory. This point will be made clear in
Section 1.2.1.

There are other ways of displaying the value of a variable and a string on the
screen than typing the name of the variable. Two useful commands are ‘disp()’
and ‘fprintf()’. The former displays the value of a variable or a string without
‘x = ’ or ‘ans = ’; the latter displays the values of several variables in a specified
format and with explanatory/cosmetic strings. For example:

>>disp(’The value of x = ’),disp(x)
%disp(’string_to_display’ or variable_name)

The value of x = 0.3333

Table 1.1 summarizes the type specifiers and special characters that are used in
‘fprintf()’ statements.

Below is a program that uses the command ‘input’ so that the user could
input some data via the keyboard. If we run the program, it gets a value of the
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Table 1.1 Type Specifiers and Special Characters Used in fprintf() Statements

Type
Specifier

Printing Form:
fprintf(‘**format string**’, variables to be printed,..)

Special
Character Meaning

%c Character type \n New line
%s String type \t Tab
%d Decimal integer number type \b Backspace
%f Floating point number type \r CR return
%e Decimal exponential type \f Form feed
%x Hexadecimal integer number %% %
%bx Floating number in 16 hexadecimal digits(64 bits) ’’ ’

temperature in Fahrenheit [◦F] via the keyboard from the user, converts it into
the temperature in Centigrade [◦C] and then prints the results with some remarks
both onto the screen and into a data file named ‘nm113.dat’.

%nm113.m
f = input(’Input the temperature in Fahrenheit[F]:’);
c = 5/9*(f-32);
fprintf(’%5.2f(in Fahrenheit) is %5.2f(in Centigrade).\n’,f,c)
fid=fopen(’nm113.dat’, ’w’);
fprintf(fid, ’%5.2f(Fahrenheit) is %5.2f(Centigrade).\n’,f,c);
fclose(fid);

In case you want the keyboard input to be recognized as a string, you should
add the character ’s’ as the second input argument.

>>ans = input(’Answer <yes> or <no>: ’,’s’)

1.1.4 2-D Graphic Input/Output

How do we plot the value(s) of a vector or an array? Suppose that data reflecting
the highest/lowest temperatures for 5 days are stored as a 5 × 2 array in an ASCII
file named ‘temp.dat’.

The job of the MATLAB program “nm114_1.m” is to plot these data. Running
the program yields the graph shown in Fig. 1.1a. Note that the first line is a
comment about the name and the functional objective of the program(file), and
the fourth and fifth lines are auxiliary statements that designate the graph title
and units of the vertical/horizontal axis; only the second & third lines are indis-
pensable in drawing the colored graph. We need only a few MATLAB statements
for this artwork, which shows the power of MATLAB.

%nm114_1: plot the data of a 5x2 array stored in "temp.dat"
load temp.dat
clf, plot(temp) %clear any existent figure and plot
title(’the highest/lowest temperature of these days’)
ylabel(’degrees[C]’), xlabel(’day’)
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Figure 1.1 Plot of a 5 × 2 matrix data representing the highest/lowest temperature.

Here are several things to keep in mind.

ž The command plot() reads along the columns of the 5 × 2 array data given
as its input argument and recognizes each column as the value of a vector.

ž MATLAB assumes the domain of the horizontal variable to be [1 2 .. 5] by
default, where 5 equals the length of the vector to be plotted (see Fig. 1.1a).

ž The graph is constructed by connecting the data points with the straight lines
and is piecewise-linear, while it looks like a curve as the data points are
densely collected. Note that the graph can be plotted as points in various
forms according to the optional input argument described in Table 1.2.

(Q1) Suppose the data in the array named ‘temp’ are the highest/lowest temperatures
measured on the 11th,12th,14th,16th, and 17th days, respectively. How should we
modify the above program to have the actual days shown on the horizontal axis?

(A1) Just make the day vector [11 12 14 16 17] and use it as the first input argument
of the plot() command.

>>days = [11 12 14 16 17]
>>plot(days,temp)

Executing these statements, we obtain the graph in Fig. 1.1b.

(Q2) What statements should be added to change the ranges of the horizontal/vertical
axes into 10–20 and 0–30, respectively, and draw the grid on the graph?

Table 1.2 Graphic Line Specifications Used in the plot() Command

Line Type Point Type (Marker Symbol) Color

- solid line . (dot) + (plus) * (asterisk) r : red m : magenta
: dotted line ^ : � > : > o (circle) g : green y : yellow
-- dashed line p : v : � x : x-mark b : blue c : cyan (sky blue)
-. dash-dot d : ♦ < : < s : � k : black
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(A2) >>axis([10 20 0 30]), grid on
>>plot(days,temp)

(Q3) How do we make the scales of the horizontal/vertical axes equal so that a circle
appears round, not like an ellipse?

(A3) >>axis(’equal’)

(Q4) How do we have another graph overlapped onto an existing graph?
(A4) If you use the ‘hold on’ command after plotting the first graph, any following

graphs in the same section will be overlapped onto the existing one(s) rather
than plotted newly. For example:

>>hold on, plot(days,temp(:,1),’b*’, days,temp(:,2),’ro’)

This will be good until you issue the command ‘hold off’ or clear all the graphs
in the graphic window by using the ‘clf’ command.

Sometimes we need to see the interrelationship between two variables. Sup-
pose we want to plot the lowest/highest temperature, respectively, along the
horizontal/vertical axis in order to grasp the relationship between them. Let us
try using the following command:

>>plot(temp(:,1),temp(:,2),’kx’) % temp(:,2) vs. temp(:,1) in black ’x’

This will produce a pointwise graph, which is fine. But, if you replace the third
input argument by ‘b:’ or just omit it to draw a piecewise-linear graph connecting
the data points as Fig. 1.2a, the graphic result looks clumsy, because the data on
the horizontal axis are not arranged in ascending or descending order. The graph
will look better if you sort the data on the horizontal axis and also the data on
the vertical axis accordingly and then plot the relationship in the piecewise-linear
style by typing the MATLAB commands as follows:

>>[temp1,I] = sort(temp(:,1)); temp2 = temp(I,2);
>>plot(temp1,temp2)

The graph obtained by using these commands is shown in Fig.1.2b, which looks
more informative than Fig.1.2a.

(a) Data not arranged
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(b) Data arranged along the horizontal axis.

Figure 1.2 Examples of graphs obtained using the plot() command.
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We can also use the plot() command to draw a circle.

>>r = 1; th = [0:0.01:2]*pi; % [0:0.01:2] makes [0 0.01 0.02 .. 2]
>>plot(r*cos(th),r*sin(th))
>>plot(r*exp(j*th)) %alternatively,

Note that the plot() command with a sequence of complex numbers as its first
input argument plots the real/imaginary parts along the horizontal/vertical axis.

The polar() command plots the phase (in radians)/magnitude given as its
first/second input argument, respectively (see Fig.1.3a).

>>polar(th,exp(-th)) %polar plot of a spiral

Several other plotting commands, such as semilogx(), semilogy(), loglog(),
stairs(), stem(), bar()/barh(), and hist(), may be used to draw various
graphs (shown in Figs.1.3 and 1.4). Readers may use the ‘help’ command to get
the detailed usage of each one and try running the following MATLAB program
‘nm114 2.m’.

%nm114_2: plot several types of graph
th = [0: .02:1]*pi;
subplot(221), polar(th,exp(-th))
subplot(222), semilogx(exp(th))
subplot(223), semilogy(exp(th))
subplot(224), loglog(exp(th))
pause, clf
subplot(221), stairs([1 3 2 0])
subplot(222), stem([1 3 2 0])
subplot(223), bar([2 3; 4 5])
subplot(224), barh([2 3; 4 5])
pause, clf
y = [0.3 0.9 1.6 2.7 3 2.4];
subplot(221), hist(y,3)
subplot(222), hist(y,0.5 + [0 1 2])

Moreover, the commands sprintf(), text(), and gtext() are used for com-
bining supplementary statements with the value(s) of one or more variables to
construct a string and printing it at a certain location on the existing graph.
For instance, let us try the following statements in the MATLAB Command
window:

>>f = 1./[1:10]; plot(f)
>>n = 3; [s,errmsg] = sprintf(’f(%1d) = %5.2f’,n,f(n))
>>text(3,f(3),s) %writes the text string at the point (3,f(3))
>>gtext(’f(x) = 1/x’) %writes the input string at point clicked by mouse

The command ginput() allows you to obtain the coordinates of a point
by clicking the mouse button on the existent graph. Let us try the following
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Figure 1.3 Graphs drawn by various graphic commands.
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Figure 1.4 Graphs drawn by various graphic commands.
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commands:

>>[x,y,butkey] = ginput %get the x,y coordinates & # of the mouse button
or ascii code of the key pressed till pressing the ENTER key

>>[x,y,butkey] = ginput(n) %repeat the same job for up to n points clicked

1.1.5 3-D Graphic Output

MATLAB has several 3-D graphic plotting commands such as plot3(), mesh(),
and contour(). plot3() plots a 2-D valued-function of a scalar-valued vari-
able; mesh()/contour() plots a scalar valued-function of a 2-D variable in a
mesh/contour-like style, respectively.

Readers are recommended to use the help command for detailed usage of each
command. Try running the MATLAB program ‘nm115.m’ to see what figures
will appear (Figs.1.5 and 1.6).

%nm115: to plot 3D graphs
t = 0:pi/50:6*pi;
expt = exp(-0.1*t);
xt = expt.*cos(t); yt = expt.*sin(t);
%dividing the screen into 2 x 2 sections
subplot(221), plot3(xt, yt, t), grid on %helix
subplot(222), plot3(xt, yt, t), grid on, view([0 0 1])
subplot(223), plot3(t, xt, yt), grid on, view([1 -3 1])
subplot(224), plot3(t, yt, xt), grid on, view([0 -3 0])
pause, clf
x = -2:.1:2; y = -2:.1:2;
[X,Y] = meshgrid(x,y); Z = X.^2 + Y.^2;
subplot(221), mesh(X,Y,Z), grid on %[azimuth,elevation] = [-37.5,30]
subplot(222), mesh(X,Y,Z), view([0,20]), grid on
pause, view([30,30])
subplot(223), contour(X,Y,Z)
subplot(224), contour(X,Y,Z,[.5,2,4.5])

1.1.6 Mathematical Functions

Mathematical functions and special reserved constants/variables defined in MAT-
LAB are listed in Table 1.3.

MATLAB also allows us to define our own function and store it in a file
named after the function name so that it can be used as if it were a built-in
function. For instance, we can define a scalar-valued function:

f1(x) = 1/(1 + 8x2)

and a vector-valued function

f49(x) =
[

f1(x1, x2)

f2(x1, x2)

]
=

[
x2

1 + 4x2
2 − 5

2x2
1 − 2x1 − 3x2 − 2.5

]
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Figure 1.5 Graphs drawn by the plot3() command with different views.
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Figure 1.6 Graphs drawn by the mesh() and contour() commands.

as follows.

function y = f1(x)
y = 1./(1+8*x.^2);

function y = f49(x)
y(1) = x(1)*x(1)+4*x(2)*x(2) -5;
y(2) = 2*x(1)*x(1)-2*x(1)-3*x(2) -2.5;
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Table 1.3 Functions and Variables Inside MATLAB

Function Remark Function Remark

cos(x) exp(x) Exponential function

sin(x) log(x) Natural logarithm

tan(x) log10(x) Common logarithm

acos(x) cos−1(x) abs(x) Absolute value

asin(x) sin−1(x) angle(x) Phase of a complex
number [rad]

atan(x) −π/2 ≤ tan−1(x) ≤ π/2 sqrt(x) Square root

atan2(y,x) −π ≤ tan−1(y, x) ≤ π real(x) Real part

cosh(x) (ex + e−x)/2 imag(x) Imaginary part

sinh(x) (ex − e−x)/2 conj(x) Complex conjugate

tanh(x) (ex − e−x)/(ex + e−x) round(x) The nearest integer
(round-off)

acosh(x) cosh−1(x) fix(x) The nearest integer
toward 0

asinh(x) sinh−1(x) floor(x) The greatest integer
≤ x

atanh(x) tanh−1(x) ceil(x) The smallest integer
≥ x

max Maximum and its index sign(x) 1(positive)/0/-
1(negative)

min Minimum and its index mod(y,x) Remainder of y/x

sum Sum rem(y,x) Remainder of y/x

prod Product eval(f) Evaluate an expression

norm Norm feval(f,a) Function evaluation

sort Sort in the ascending
order

polyval Value of a polynomial
function

clock Present time poly Polynomial with given
roots
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Table 1.3 (continued)

find Index of element(s) roots Roots of polynomial

flops(0) Reset the flops count to
zero

tic Start a stopwatch timer

flops Cumulative # of floating
point operations
(unavailable in
MATLAB 6.x)

toc Read the stopwatch
timer (elapsed time
from tic)

date Present date magic Magic square

Reserved Variables with Special Meaning

i,j
√−1 pi π

eps Machine epsilon floating
point relative accuracy

realmax realmin Largest/smallest
positive number

break Exit while/for loop Inf, inf Largest number (∞)

end The end of for-loop or
if, while, case statement
or an array index

NaN Not a Number
(undetermined)

nargin Number of input
arguments

nargout Number of output
arguments

varargin Variable input argument
list

varargout Variable output
argument list

Once we store these functions into the files named ‘f1.m’ and ‘f49.m’ after the
function names, respectively, we can call and use them as needed inside another
M-file or in the MATLAB Command window.

>>f1([0 1]) %several values of a scalar function of a scalar variable
ans = 1.0000 0.1111

>>f49([0 1]) %a value of a 2-D vector function of a vector variable
ans = -1.0000 -5.5000

>>feval(’f1’,[0 1]), feval(’f49’,[0 1]) %equivalently, yields the same
ans = 1.0000 0.1111
ans = -1.0000 -5.5000

(Q5) With the function f1(x) defined as a scalar function of a scalar variable, we enter
a vector as its input argument to obtain a seemingly vector-valued output. What’s
going on?
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(A5) It is just a set of function values [f1(x1) f1(x2) . . .] obtained at a time for several
values [x1 x2. . .] of x. In expectation of one-shot multi-operation, it is a good
practice to put a dot(.) just before the arithmetic operators *(multiplication),
/(division), and ^ (power) in the function definition so that the term-by-term
(termwise) operation can be done any time.

Note that we can define a simple function not only in an independent M-file,
but also inside a program by using the inline() command or just in a form of
literal expression that can be evaluated by the command eval().

>>f1 = inline(’1./(1+8*x.^2)’,’x’);
>>f1([0 1]), feval(f1,[0 1])

ans = 1.0000 0.1111
ans = 1.0000 0.1111

>>f1 = ’1./(1+8*x.^2)’; x = [0 1]; eval(f1)
ans = 1.0000 0.1111

As far as a polynomial function is concerned, it can simply be defined as its
coefficient vector arranged in descending order. It may be called to yield its
value for certain value(s) of its independent variable by using the command
polyval().

>>p = [1 0 -3 2]; %polynomial function p(x) = x3 − 3x+ 2
>>polyval(p,[0 1])

ans = 2.0000 0.0000

The multiplication of two polynomials can be performed by taking the con-
volution of their coefficient vectors representing the polynomials in MATLAB,
since

(aNxN + · · · + a1x + a0)(bNxN + · · · + b1x + b0) = c2Nx2N + · · · + c1x + c0

where

ck =
min(k,N)∑

m=max(0,k−N)

ak−mbm for k = 2N, 2N − 1, . . . , 1, 0

This operation can be done by using the MATLAB built-in command conv() as
illustrated below.

>>a = [1 -1]; b=[1 1 1]; c = conv(a,b)
c = 1 0 0 -1 %meaning that (x − 1)(x2 + x + 1) = x3 + 0 · x2 + 0 · x − 1

But, in case you want to multiply a polynomial by only xn, you can simply
append n zeros to the right end of the polynomial coefficient vector to extend
its dimension.

>>a = [1 2 3]; c = [a 0 0] %equivalently, c = conv(a,[1 0 0])
c = 1 2 3 0 0 %meaning that (x2 + 2x + 3)x2 = x4 + 2x3 + 3x2 + 0 · x + 0
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1.1.7 Operations on Vectors and Matrices
We can define a new scalar/vector/matrix or redefine any existing ones in terms
of the existent ones or irrespective of them. In the MATLAB Command window,
let us defineA and B as

A =
[

1 2 3
4 5 6

]
, B =


 3

−2
1




by typing

>>A = [1 2 3;4 5 6], B = [3;-2;1]

We can modify them or take a portion of them. For example:

>>A = [A;7 8 9]
A = 1 2 3

4 5 6
7 8 9

>>B = [B [1 0 -1]’]
B = 3 1

-2 0
1 -1

Here, the apostrophe (prime) operator (’) takes the complex conjugate transpose
and functions virtually as a transpose operator for real-valued matrices. If you
want to take just the transpose of a complex-valued matrix, you should put a
dot(.) before ’, that is, ‘.’’.

When extending an existing matrix or defining another one based on it, the
compatibility of dimensions should be observed. For instance, if you try to annex
a 4 × 1 matrix into the 3 × 1 matrix B, MATLAB will reject it squarely, giving
you an error message.

>>B = [B ones(4,1)]
???All matrices on a row in the bracketed expression must have

the same number of rows

We can modify or refer to a portion of a given matrix.

>>A(3,3) = 0
A = 1 2 3

4 5 6
7 8 0

>>A(2:3,1:2) %from 2nd row to 3rd row, from 1st column to 2nd column
ans = 4 5

7 8

>>A(2,:) %2nd row, all columns
ans = 4 5 6

The colon (:) is used for defining an arithmetic (equal difference) sequence
without the bracket [] as

>>t = 0:0.1:2
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which makes

t = [0.0 0.1 0.2 ... 1.9 2.0]

(Q6) What if we omit the increment between the left/right boundary numbers?

(A6) By default, the increment is 1.

>>t = 0:2
t = 0 1 2

(Q7) What if the right boundary number is smaller/greater than the left boundary
number with a positive/negative increment?

(A7) It yields an empty matrix, which is useless.

>>t = 0:-2
t = Empty matrix: 1-by-0

(Q8) If we define just some elements of a vector not fully, but sporadically, will we
have a row vector or a column vector and how will it be filled in between?

(A8) We will have a row vector filled with zeros between the defined elements.

>>D(2) = 2; D(4) = 3
D = 0 2 0 3

(Q9) How do we make a column vector in the same style?

(A9) We must initialize it as a (zero-filled) row vector, prior to giving it a value.

>>D = zeros(4,1); D(2) = 2; D(4) = 3
D = 0

2
0
3

(Q10) What happens if the specified element index of an array exceeds the defined
range?

(A10) It is rejected. MATLAB does not accept nonpositive or noninteger indices.

>>D(5)
??? Index exceeds matrix dimensions.

>>D(0) = 1;
??? Index into matrix is negative or zero.

>>D(1.2)
??? Subscript indices must either be real positive

integers ..

(Q11) How do we know the size (the numbers of rows/columns) of an already-
defined array?
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(A11) Use the length() and size() commands as indicated below.

>>length(D)
ans = 4

>>[M,N] = size(A)
M = 3
N = 3

MATLAB enables us to handle vector/matrix operations in almost the same
way as scalar operations. However, we must make sure of the dimensional com-
patibility between vectors/matrices, and we must put a dot (.) in front of the
operator for termwise (element-by-element) operations. The addition of a matrix
and a scalar adds the scalar to every element of the matrix. The multiplication
of a matrix by a scalar multiplies every element of the matrix by the scalar.

There are several things to know about the matrix division and inversion.

Remark 1.1. Rules of Vector/Matrix Operation

1. For a matrix to be invertible, it must be square and nonsingular; that is, the
numbers of its rows and columns must be equal and its determinant must
not be zero.

2. The MATLAB command pinv(A) provides us with a matrix X of the same
dimension as AT such that AXA = A and XAX = X. We can use this
command to get the right/left pseudo- (generalized) inverse AT [AAT ]−1/

[AT A]−1AT for a matrix A given as its input argument, depending on
whether the number (M) of rows is smaller or greater than the number
(N ) of columns, so long as the matrix is of full rank; that is, rank(A) =
min(M, N)[K-1, Section 6.4]. Note that AT [AAT ]−1/[AT A]−1AT is called
the right/left inverse because it is multiplied onto the right/left side of A

to yield an identity matrix.
3. You should be careful when using the pinv(A) command for a rank-

deficient matrix, because its output is no longer the right/left inverse, which
does not even exist for rank-deficient matrices.

4. The value of a scalar function having an array value as its argument is also
an array with the same dimension.

Suppose we have defined vectorsa1, a2, b1, b2 and matricesA1, A2, B as follows:

>>a1 = [-1 2 3]; a2 = [4 5 2]; b1 = [1 -3]’; b2 = [-2 0];

a1 = [ −1 2 3 ], a2 = [ 4 5 2 ], b1 =
[

1
−3

]
, b2 = [ −1 2 3 ]

>>A1 = [a1;a2], A2 = [a1;[b2 1]], B = [b1 b2’]

A1 =
[−1 2 3

4 5 2

]
, A2 =

[ −1 2 3
−2 0 1

]
, B =

[
1 −2

−3 0

]
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The results of various operations on these vectors/matrices are as follows (pay
attention to the error message):

>>A3 = A1 + A2, A4 = A1 - A2, 1 + A1 %matrix/scalar addition/subtraction
A3 = -2 4 6 A4 = 0 0 0 ans = 0 3 4

2 5 3 6 5 1 5 6 3

>>AB = A1*B % AB(m, n) = ∑
k

A1(m, k )B(k , n) matrix multiplication?

??? Error using ==> *
Inner matrix dimensions must agree.

>>BA1 = B*A1 % regular matrix multiplication
BA1 = -9 -8 -1

3 -6 -9

>>AA = A1.*A2 %termwise multiplication
AA = 1 4 9

-8 0 2

>>AB=A1.*B % AB(m,n) = A1(m,n)B(m,n) termwise multiplication
??? Error using ==> .*
Matrix dimensions must agree.

>>A1 1 = pinv(A1),A1’*(A1*A1’)^-1,eye(size(A1,2))/A1 % AT1[A1A
T
1]

−1

A1 1 = -0.1914 0.1399 %right inverse of a 2 x 3 matrix A1
0.0617 0.0947
0.2284 -0.0165

>>A1*A1 1 %A1/A1 = I implies the validity of A1 1 as the right inverse
ans = 1.0000 0.0000

0.0000 1.0000

>>A5 = A1’; % a 3 x 2 matrix

>>A5 1 = pinv(A5),(A5’*A5)^-1*A5’,A5\eye(size(A5,1)) % [AT5A5]
−1AT5

A5 1 = -0.1914 0.0617 0.2284 %left inverse of a 3x2 matrix A5
0.1399 0.0947 -0.0165

>>A5 1*A5 % = I implies the validity of A5 1 as the left inverse
ans = 1.0000 -0.0000

-0.0000 1.0000

>>A1 li = (A1’*A1)^-1*A1’ %the left inverse of matrix A1 with M < N?
Warning: Matrix is close to singular or badly scaled.

Results may be inaccurate. RCOND = 9.804831e-018.
A1 li = -0.2500 0.2500

0.2500 0
0.5000 0.5000

(Q12) Does the left inverse of a matrix having rows fewer than columns exist?

(A12) No. There is no N × M matrix that is premultiplied on the left of an M × N

matrix with M < N to yield a nonsingular matrix, far from an identity matrix.
In this context, MATLAB should have rejected the above case on the ground
that [AT

1 A1] is singular and so its inverse does not exist. But, because the round-
off errors make a very small number appear to be a zero or make a real zero
appear to be a very small number (as will be mentioned in Remark 2.3), it is
not easy for MATLAB to tell a near-singularity from a real singularity. That is
why MATLAB dares not to declare the singularity case and instead issues just a
warning message to remind you to check the validity of the result so that it will
not be blamed for a delusion. Therefore, you must be alert for the condition
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mentioned in item 2 of Remark 1.1, which says that, in order for the left inverse
to exist, the number of rows must not be less than the number of columns.

>>A1_li*A1 %No identity matrix, since A1_li isn’t the left inverse
ans = 1.2500 0.7500 -0.2500

-0.2500 0.5000 0.7500
1.5000 3.5000 2.5000

>>det(A1’*A1) %A1 is not left-invertible for A1’*A1 is singular
ans = 0

(cf) Let us be nice to MATLAB as it is to us. From the standpoint of promoting mutual
understanding between us and MATLAB, we acknowledge that MATLAB tries to
show us apparently good results to please us like always, sometimes even pretending
not to be obsessed by the demon of ‘ill-condition’ in order not to make us feel uneasy.
How kind MATLAB is! But, we should be always careful not to be spoiled by its
benevolence and not to accept the computing results every inch as it is. In this case,
even though the matrix [A1’*A1] is singular and so not invertible, MATLAB tried
to invert it and that’s all. MATLAB must have felt something abnormal as can be
seen from the ominous warning message prior to the computing result. Who would
blame MATLAB for being so thoughtful and loyal to us? We might well be rather
touched by its sincerity and smartness.

In the above statements, we see the slash(/)/backslash(\) operators. These oper-
ators are used for right/left division, respectively; B/A is the same as B*inv(A) and
A\B is the same as inv(A)*B when A is invertible and the dimensions of A and B
are compatible. Noting that B/A is equivalent to (A’\B’)’, let us take a close look
at the function of the backslash(\) operator.

>>X = A1\A1 % an identity matrix?
X = 1.0000 0 -0.8462

0 1.0000 1.0769
0 0 0

(Q13) It seems that A1\A1 should have been an identity matrix, but it is not, contrary
to our expectation. Why?

(A13) We should know more about the various functions of the backslash(\), which
can be seen by typing ‘help slash’ into the MATLAB Command window. Let
Remark 1.2 answer this question in cooperation with the next case.

>>A1*X - A1 %zero if X is the solution to A1*X = A1?
ans = 1.0e-015 * 0 0 0

0 0 -0.4441

Remark 1.2. The Function of Backslash (\) Operator. Overall, for the command
‘A\B’, MATLAB finds a solution to the equation A*X = B. Let us denote the
row/column dimension of the matrix A by M and N.

1. If matrix A is square and upper/lower-triangular in the sense that all of
its elements below/above the diagonal are zero, then MATLAB finds the
solution by applying backward/forward substitution method (Section 2.2.1).
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2. If matrix A is square, symmetric (Hermitian), and positive definite, then
MATLAB finds the solution by using Cholesky factorization (Section 2.4.2).

3. If matrix A is square and has no special feature, then MATLAB finds the
solution by using LU decomposition (Section 2.4.1).

4. If matrix A is rectangular, then MATLAB finds a solution by using QR
factorization (Section 2.4.2). In case A is rectangular and of full rank with
rank(A) = min(M,N), it will be the LS (least-squares) solution [Eq. (2.1.10)]
for M > N (overdetermined case) and one of the many solutions that is not
always the same as the minimum-norm solution [Eq. (2.1.7)] for M < N
(underdetermined case). But for the case when A is rectangular and has
rank deficiency, what MATLAB gives us may be useless. Therefore, you
must pay attention to the warning message about rank deficiency, which
might tell you not to count on the dead-end solution made by the backslash
(\) operator. To find an alternative in the case of rank deficiency, you
had better resort to singular value decomposition (SVD). See Problem 2.8
for details.

For the moment, let us continue to try more operations on matrices.

>>A1./A2 %termwise right division
ans = 1 1 1

-2 Inf 2
>>A1.\A2 %termwise left division

ans = 1 1 1
-0.5 0 0.5

>>format rat, B^-1 %represent the numbers (of B−1) in fractional form
ans = 0 -1/3

-1/2 -1/6
>>inv(B) %inverse matrix, equivalently

ans = 0 -1/3
-1/2 -1/6

>>B.^-1 %termwise inversion(reciprocal of each element)
ans = 1 -1/2

-1/3 Inf
>>B^2 %square of B, i.e., B2 = B ∗ B

ans = 7 -2
-3 6

>>B.^2 %termwise square(square of each element)
ans = 1(b2

11) 4(b2
12)

9(b2
21) 0(b2

22)
>>2.^B %2 to the power of each number in B

ans = 2 (2b11) 1/4(2b12)
1/8(2b21) 1 (2b22)

>>A1.^A2 %element of A1 to the power of each element in A2
ans = -1 (A1(1, 1)A2(1,1)) 4(A1(1, 2)A2(1,2)) 27(A1(1, 3)A2(1,3))

1/16(A1(2, 1)A2(2,1)) 1(A1(2, 2)A2(2,2)) 2(A1(2, 3)A2(2,3))
>>format short, exp(B) %elements of eB with 4 digits below the dp

ans = 2.7183(eb11) 0.1353(eb12)
0.0498(eb21) 1.0000(eb22)

There are more useful MATLAB commands worthwhile to learn by heart.
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Remark 1.3. More Useful Commands for Vector/Matrix Operations

1. We can use the commands zeros(), ones(), and eye() to construct a
matrix of specified size or the same size as an existing matrix which has
only zeros, only ones, or only ones/zeros on/off its diagonal.

>>Z = zeros(2,3) %or zeros(size(A1)) yielding a 2 x 3 zero matrix
Z = 0 0 0

0 0 0

>>E = ones(size(B)) %or ones(3,2) yielding a 3 x 2 one matrix
E = 1 1

1 1
1 1

>>I = eye(2) %yielding a 2 x 2 identity matrix
I = 1 0

0 1

2. We can use the diag() command to make a column vector composed
of the diagonal elements of a matrix or to make a diagonal matrix with
on-diagonal elements taken from a vector given as the input argument.

>>A1, diag(A1) %column vector consisting of diagonal elements
A1 = -1 2 3

4 5 2
ans = -1

5

3. We can use the commands sum()/prod() to get the sum/product of ele-
ments in a vector or a matrix, columnwisely first (along the first non-
singleton dimension).

>>sa1 = sum(a1) %sum of all the elements in vector a1

sa1 = 4 %
∑

a1(n) = − 1 + 2 + 3 = 4

>>sA1 = sum(A1) %sum of all the elements in each column of matrix A1

sA1 = 3 7 5 %sA1(n) = ∑M
m = 1 A1(m, n) = [− 1 + 4 2 + 5 3 + 2]

>>SA1 = sum(sum(A1)) %sum of all elements in matrix A1

SA1 = 15 %SA1 = ∑N
n = 1

∑M
m = 1 A1(m, n) = 3 + 7 + 5 = 15

>>pa1 = prod(a1) %product of all the elements in vector a1

pa1 = 4 %
∏

a1(n) = ( − 1) × 2 × 3 = − 6

>>pA1=product(A1) %product of all the elements in each column of matrix A1

pA1 = -4 10 6 %pA1(n) = ∏M
m = 1 A1(m, n) = [−1 × 4 2 × 5 3 × 2]

>>PA1 = product(product(A1)) %product of all the elements of matrix A1

PA1 = -240 %PA1 = ∏N
n = 1

∏M
m = 1 A1(m, n) = ( − 4) × 10 × 6 = − 240

4. We can use the commands max()/min() to find the first maximum/minimum
number and its index in a vector or in a matrix given as the input argument.

>>[aM,iM] = max(a2)
aM = 5, iM = 2 %means that the max. element of vector a2 is a2(2) = 5

>>[AM,IM] = max(A1)
AM = 4 5 3
IM = 2 2 1
%means that the max. elements of each column of A1 are

A1(2,1) = 4, A1(2,2) = 5, A1(1,3) = 3
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>>[AMx,J] = max(AM)
AMx = 5, J = 2
%implies that the max. element of A1 is A1(IM(J),J) = A1(2,2) = 5

5. We can use the commands rot90()/fliplr()/flipud() to rotate a matrix
by an integer multiple of 90◦ and to flip it left-right/up-down.

>>A1, A3 = rot90(A1), A4 = rot90(A1,-2)
A1 = -1 2 3

4 5 2
A3 = 3 2 %90◦ rotation

2 5
-1 4

A4 = 2 5 4 %90◦x(-2) rotation
3 2 -1

>>A5 = fliplr(A1) %flip left-right
A5 = 3 2 -1

2 5 4

>>A6 = flipud(A1) %flip up-down
A6 = 4 5 2

-1 2 3

6. We can use the reshape() command to change the row-column size of a
matrix with its elements preserved (columnwisely first).

>>A7 = reshape(A1,3,2)
A7 = -1 5

4 3
2 2

>>A8 = reshape(A1,6,1), A8 = A1(:) %makes supercolumn vector
A8 = -1

4
2
5
3
2

1.1.8 Random Number Generators

MATLAB has the built-in functions, rand()/randn(), to generate random
numbers having uniform/normal (Gaussian) distributions, respectively ([K-1],
Chapter 22).

rand(M,N): generates an M x N matrix consisting of uniformly distributed
random numbers

randn(M,N): generates an M x N matrix consisting of normally distributed
random numbers
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1. Random Number Having Uniform Distribution
The numbers in a matrix generated by the MATLAB function rand(M,N) have
uniform probability distribution over the interval [0,1], as described by U(0,1).
The random number x generated by rand() has the probability density function

fX(x) = us(x) − us(x − 1) (us(x) =
{

1 ∀x ≥ 0
0 ∀x < 0

: the unit step function)

(1.1.1)

whose value is 1 over [0,1] and 0 elsewhere. The average of this standard uniform
number x is

mX =
∫ ∞

−∞
xfX(x)dx =

∫ 1

0
x dx = x2

2

∣∣∣∣
1

0

= 1

2
(1.1.2)

and its variance or deviation is

σ 2
X =

∫ ∞

−∞
(x − mX)2fX(x)dx =

∫ 1

0
(x − 1

2
)2dx = 1

3
(x − 1

2
)3

∣∣∣∣
1

0

= 1

12
(1.1.3)

If you want another random number y with uniform distribution U(a, b), trans-
form the standard uniform number x as follows:

y = (b − a)x + a (1.1.4)

For practice, we make a vector consisting of 1000 standard uniform numbers,
transform it to make a vector of numbers with uniform distribution U(−1, +1),
and then draw the histograms showing the shape of the distribution for the two
uniform number vectors (Fig. 1.7a,b).

>>u_noise = rand(1000,1) %a 1000x1 noise vector with U(0,1)
>>subplot(221), hist(u_noise,20) %histogram having 20 divisions

0
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(d) Gaussian noise N(0, 1/22)
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Figure 1.7 Distribution (histogram) of noise generated by the rand()/randn() command.
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>>u_noise1 = 2*u_noise-1 %a 1000x1 noise vector with U(-1,1)
>>subplot(222), hist(u_noise1,20) %histogram

2. Random Number with Normal (Gaussian) Distribution
The numbers in a matrix generated by the MATLAB function randn(M,N) have
normal (Gaussian) distribution with average m = 0 and variance σ 2 = 1, as
described by N (0,1). The random number x generated by rand() has the prob-
ability density function

fX(x) = 1√
2π

e−x2/2 (1.1.5)

If you want another Gaussian number y with a general normal distribution
N(m, σ 2), transform the standard Gaussian number x as follows:

y = σ x + m (1.1.6)

The probability density function of the new Gaussian number generated by this
transformation is obtained by substituting x = (y − m)/σ into Eq. (1.1.5) and
dividing the result by the scale factor σ (which can be seen in dx = dy/σ )
so that the integral of the density function over the whole interval (−∞, +∞)
amounts to 1.

fY (y) = 1√
2πσ

e−(y−m)2/2σ 2
(1.1.7)

For practice, we make a vector consisting of 1000 standard Gaussian numbers,
transform it to make a vector of numbers having normal distribution N (1,1/4),
with mean m = 1 and variance σ 2 = 1/4, and then draw the histograms for the
two Gaussian number vectors (Fig. 1.7c,d).

>>g_noise = randn(1000,1) %a 1000x1 noise vector with N(0,1)
>>subplot(223), hist(g_noise,20) %histogram having 20 divisions
>>g_noise1 = g_noise/2+1 %a 1000x1 noise vector with N(1,1/4)
>>subplot(224), hist(g_noise1,20) %histogram

1.1.9 Flow Control

1. if-end and switch-case-end Statements
An if-end block basically consists of an if statement, a sequel part, and an end
statement categorizing the block. An if statement, having a condition usually
based on the relational/logical operator (Table 1.4), is used to control the program
flow—that is, to adjust the order in which statements are executed according to
whether or not the condition is met, mostly depending on unpredictable situa-
tions. The sequel part consisting of one or more statements may contain else or
elseif statements, possibly in a nested structure containing another if statement
inside it.

The switch-case-end block might replace a multiple if-elseif-..-end
statement in a neat manner.
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Table 1.4 Relational Operators and Logical Operators

Relational
operator

Remark Relational
operator

Remark Logical
operator

Remark

< less than > greater than & and

<= less than or equal to >= greater than or equal to | or

== equal ~= not equal(	=) ~ not

Let us see the following examples:

Example 1. A Simple if-else-end Block

%nm119_1: example of if-end block
t = 0;
if t > 0

sgnt = 1;
else

sgnt = -1;
end

Example 2. A Simple if-elseif-end Block

%nm119_2: example of if-elseif-end block
if t > 0
sgnt = 1
elseif t < 0

sgnt = -1
end

Example 3. An if-elseif-else-end Block

%nm119_3: example of if-elseif-else-end block
if t > 0, sgnt = 1
elseif t<0, sgnt = -1
else sgnt = 0

end

Example 4. An if-elseif-elseif-..-else-end Block

%nm119_4: example of if-elseif-elseif-else-end block
point = 85;
if point >= 90, grade = ’A’

elseif point >= 80, grade = ’B’
elseif point >= 70, grade = ’C’
elseif point >= 60, grade = ’D’
else grade = ’F’

end
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Example 5. A switch-case-end Block

%nm119_5: example of switch-case-end block
point = 85;
switch floor(point/10) %floor(x): integer less than or equal to x

case 9, grade = ’A’
case 8, grade = ’B’
case 7, grade = ’C’
case 6, grade = ’D’
otherwise grade = ’F’

end

2. for index = i 0:increment:i last-end Loop
A for loop makes a block of statements executed repeatedly for a specified
number of times, with its loop index increasing from i_0 to a number not
greater than i_last by a specified step (increment) or by 1 if not specified.
The loop iteration normally ends when the loop index reaches i_last, but it
can be stopped by a break statement inside the for loop. The for loop with a
positive/negative increment will never be iterated if the last value (i_last) of
the index is smaller/greater than the starting value (i_0).

Example 6. A for Loop

%nm119_6: example of for loop
point = [76 85 91 65 87];
for n = 1:length(point)

if point(n) >= 80, pf(n,:) = ’pass’;
elseif point(n) >= 0, pf(n,:) = ’fail’;
else %if point(n)< 0
pf(n,:) = ’????’;
fprintf(’\n\a Something wrong with the data??\n’);
break;

end
end
pf

3. while Loop
A while loop will be iterated as long as its predefined condition is satisfied and
a break statement is not encountered inside the loop.

Example 7. A while Loop

%nm119_7: example of while loop
r = 1;
while r < 10

r = input(’\nType radius (or nonpositive number to stop):’);
if r <= 0, break, end %isempty(r)| r <= 0, break, end
v = 4/3*pi*r*r*r;
fprintf(’The volume of a sphere with radius %3.1f = %8.2f\n’,r,v);

end
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Example 8. while Loops to Find the Minimum/Maximum Positive Numbers

The following program “nm119 8.m” contains three while loops. In the first
one, x = 1 continues to be divided by 2 until just before reaching zero, and it
will hopefully end up with the smallest positive number that can be represented
in MATLAB. In the second one, x = 1 continues to be multiplied by 2 until just
before reaching inf (the infinity defined in MATLAB), and seemingly it will get
the largest positive number (x_max0) that can be represented in MATLAB. But,
while this number reaches or may exceed inf if multiplied by 2 once more, it still
is not the largest number in MATLAB (slightly less than inf) that we want to
find. How about multiplying x_max0 by (2 − 1/2n)? In the third while loop, the
temporary variable tmp starting with the initial value of 1 continues to be divided
by 2 until just before x_max0*(2-tmp) reaches inf, and apparently it will end
up with the largest positive number (x_max) that can be represented in MATLAB.

%nm119_8: example of while loops
x = 1; k1 = 0;
while x/2 > 0

x = x/2; k1 = k1 + 1;
end
k1, x_min = x;
fprintf(’x_min is %20.18e\n’,x_min)

x = 1; k2 = 0;
while 2*x < inf

x = x*2; k2 = k2+1;
end
k2, x_max0 = x;

tmp = 1; k3 = 0;
while x_max0*(2-tmp/2) < inf

tmp = tmp/2; k3 = k3+1;
end
k3, x_max = x_max0*(2-tmp);
fprintf(’x_max is %20.18e\n’,x_max)

format long e
x_min,-x_min,x_max,-x_max
format hex
x_min,-x_min,x_max,-x_max
format short

1.2 COMPUTER ERRORS VERSUS HUMAN MISTAKES

Digital systems like calculators and computers hardly make a mistake, since they
follow the programmed order faithfully. Nonetheless, we often encounter some
numerical errors in the computing results made by digital systems, mostly coming
from representing the numbers in finite bits, which is an intrinsic limitation of dig-
ital world. If you let the computer compute something without considering what
is called the finite-word-length effect, you might come across a weird answer. In
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that case, it is not the computer, but yourself as the user or the programmer, who
is to blame for the wrong result. In this context, we should always be careful not
to let the computer produce a farfetched output. In this section we will see how
the computer represents and stores the numbers. Then we think about the cause
and the propagation effect of computational error in order not to be deceived by
unintentional mistakes of the computer and, it is hoped, to be able to take some
measures against them.

1.2.1 IEEE 64-bit Floating-Point Number Representation

MATLAB uses the IEEE 64-bit floating-point number system to represent all
numbers. It has a word structure consisting of the sign bit, the exponent field,
and the mantissa field as follows:

63 62 52 51 0

S Exponent Mantissa

Each of these fields expresses S, E, and M of a number f in the way described
below.

ž Sign bit

S = b63 =
{

0 for positive numbers
1 for negative numbers

ž Exponent field (b62b61b60 · · · b52): adopting the excess 1023 code

E = Exp − 1023 = {0, 1, . . . , 211 − 1 = 2047} − 1023

= {−1023, −1022, . . . , +1023, +1024}

=



−1023 + 1 for |f | < 2−1022(Exp = 00000000000)

−1022 ∼ +1023 for 2−1022 ≤ |f | < 21024(normalized ranges)
+1024 for ± ∞

ž Mantissa field (b51b50 . . . b1b0):
In the un-normalized range where the numbers are so small that they can be

represented only with the value of hidden bit 0, the number represented by the
mantissa is

M = 0.b51b50 · · · b1b0 = [b51b50 · · · b1b0] × 2−52 (1.2.1)

You might think that the value of the hidden bit is added to the exponent, instead
of to the mantissa.

In the normalized range, the number represented by the mantissa together with
the value of hidden bit bh = 1 is

M = 1.b51b50 · · · b1b0 = 1 + [b51b50 · · · b1b0] × 2−52

= 1 + b51 × 2−1 + b50 × 2−2 + · · · + b1 × 2−51 + b0 × 2−52



COMPUTER ERRORS VERSUS HUMAN MISTAKES 29

= {1, 1 + 2−52, 1 + 2 × 2−52, . . . , 1 + (252 − 1) × 2−52}
= {1, 1 + 2−52, 1 + 2 × 2−52, . . . , (2 − 2−52)}
= {1, 1 + �, 1 + 2�, . . . , 1 + (252 − 1)� = 2 − �} (� = 2−52) (1.2.2)

The set of numbers S, E, and M , each represented by the sign bit S, the
exponent field Exp and the mantissa field M, represents a number as a whole

f = ±M · 2E (1.2.3)

We classify the range of numbers depending on the value (E) of the exponent
and denote it as

RE = [2E, 2E+1) with − 1022 ≤ E ≤ +1023 (1.2.4)

In each range, the least unit—that is, the value of LSB (least significant bit) or
the difference between two consecutive numbers represented by the mantissa of
52 bits—is

�E = � × 2E = 2−52 × 2E = 2E−52 (1.2.5)

Let us take a closer look at the bitwise representation of numbers belonging
to each range.

0. 0(zero)

63

S 000 . . 0000 0000 0000 . . . 0000 0000
62 52 51 0

1. Un-normalized Range (with the value of hidden bit bh = 0)

R−1023 = [2−1074, 2−1022) with Exp = 0, E = Exp − 1023 + 1 = −1022

(      )

(     )(             )

(      )

(      )

Value of LSB: �−1023 = �−1022 = 2−1022−52 = 2−1074

2. The Smallest Normalized Range (with the value of hidden bit bh = 1)

R−1022 = [2−1022, 2−1021) with Exp = 1, E = Exp − 1023 = −1022

S 000 0000 0000 0000 0000 (1 + 0) × 2E = (1 + 0) × 2−1022

(1 + 2−52) × 2−1022

{(1 + (252 − 1) 2−52) = (2 − 2−52)} × 2−1022

0001. . . . . . .

S 000 1111 1111 1111 11110001. . . . . . .

S 000 0000 0000 0000 00010001. . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . .

Value of LSB: �−1022 = 2−1022−52 = 2−1074

3. Basic Normalized Range (with the value of hidden bit bh = 1)
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R0 = [20, 21) with Exp = 210 − 1 = 1023, E = Exp − 1023 = 0

S 011 0000 0000 0000 0000 (1 + 0) × 2E = (1 + 0) × 20 = 1

(1 + 2−52) × 20

{(1 + (252 − 1) 2−52) = (2 − 2−52)} × 20

1111. . . . . . .

S 011 1111 1111 1111 11111111. . . . . . .

S 011 0000 0000 0000 00011111. . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . .

Value of LSB: �0 = 2−52

4. The Largest Normalized Range (with the value of hidden bit bh = 1)

R1024 = [21023, 21024) with Exp = 211−2 = 2046, E = Exp−1023 = 1023

S 111 0000 0000 0000 0000 (1 + 0) × 2E = (1 + 0) × 21023

(1 + 2−52) × 21023

{(1 + (252 − 1) 2−52) = (2 − 2−52)} × 21023

1110. . . . . . .

S 111 1111 1111 1111 11111110. . . . . . .

S 111 0000 0000 0000 00011110. . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . .

Value of LSB: �−1022 = 2−1022−52 = 2−1074

5. ±∞(inf) Exp = 211 − 1 = 2047, E = Exp − 1023 = 1024 (meaningless)

0 111 0000 0000 0000 0000 +∞ ≠ (1 + 0) × 2E = (1 + 0) × 21024

−∞ ≠ −(1 + 0) × 2E = −(1 + 0) × 21024

invalid (not used)

1111. . . . . . .

S 111 1111 1111 1111 1111111. . . . . . .

1 111 0000 0000 0000 00001111. . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . .

invalid (not used)S 111 0000 0000 0000 00011111. . . . . . .

From what has been mentioned earlier, we know that the minimum and max-
imum positive numbers are, respectively,

fmin = (0 + 2−52) × 2−1022 = 2−1074 = 4.9406564584124654 × 10−324

fmax = (2 − 2−52) × 21023 = 1.7976931348623157 × 10308

This can be checked by running the program “nm119_8.m” in Section 1.1.9.
Now, in order to gain some idea about the arithmetic computational mecha-

nism, let’s see how the addition of two numbers, 3 and 14, represented in the
IEEE 64-bit floating number system, is performed.

)

)

) )
)
)
1
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In the process of adding the two numbers, an alignment is made so that the
two exponents in their 64-bit representations equal each other; and it will kick
out the part smaller by more than 52 bits, causing some numerical error. For
example, adding 2−23 to 230 does not make any difference, while adding 2−22 to
230 does, as we can see by typing the following statements into the MATLAB
Command window.

>>x = 2^30; x + 2^-22 == x, x + 2^-23 == x
ans = 0(false) ans = 1(true)

(cf) Each range has a different minimum unit (LSB value) described by Eq. (1.2.5). It
implies that the numbers are uniformly distributed within each range. The closer the
range is to 0, the denser the numbers in the range are. Such a number representation
makes the absolute quantization error large/small for large/small numbers, decreasing
the possibility of large relative quantization error.

1.2.2 Various Kinds of Computing Errors

There are various kinds of errors that we encounter when using a computer for
computation.

ž Truncation Error: Caused by adding up to a finite number of terms, while
we should add infinitely many terms to get the exact answer in theory.

ž Round-off Error: Caused by representing/storing numeric data in finite bits.
ž Overflow/Underflow: Caused by too large or too small numbers to be rep-

resented/stored properly in finite bits—more specifically, the numbers hav-
ing absolute values larger/smaller than the maximum (fmax)/minimum(fmin)
number that can be represented in MATLAB.

ž Negligible Addition: Caused by adding two numbers of magnitudes differing
by over 52 bits, as can be seen in the last section.

ž Loss of Significance: Caused by a “bad subtraction,” which means a sub-
traction of a number from another one that is almost equal in value.

ž Error Magnification: Caused and magnified/propagated by multiplying/divi-
ding a number containing a small error by a large/small number.

ž Errors depending on the numerical algorithms, step size, and so on.

Although we cannot be free from these kinds of inevitable errors in some degree,
it is not computers, but instead human beings, who must be responsible for
the computing errors. While our computer may insist on its innocence for an
unintended lie, we programmers and users cannot escape from the responsibility
of taking measures against the errors and would have to pay for being careless
enough to be deceived by a machine. We should, therefore, try to decrease the
magnitudes of errors and to minimize their impact on the final results. In order
to do so, we must know the sources of computing errors and also grasp the
computational properties of numerical algorithms.
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For instance, consider the following two formulas:

f1(x) = √
x(

√
x + 1 − √

x), f2(x) =
√

x√
x + 1 + √

x
(1.2.6)

These are theoretically equivalent, hence we expect them to give exactly the
same value. However, running the MATLAB program “nm122.m” to compute
the values of the two formulas, we see a surprising result that, as x increases,
the step of f1(x) incoherently moves hither and thither, while f2(x) approaches
1/2 at a steady pace. We might feel betrayed by the computer and have a doubt
about its reliability. Why does such a flustering thing happen with f1(x)? It is
because the number of significant bits abruptly decreases when the subtraction
(
√

x + 1 − √
x) is performed for large values of x, which is called ‘loss of

significance’. In order to take a close look at this phenomenon, let x = 1015.
Then we have

√
x + 1 = 3.162277660168381 × 107 = 31622776.60168381

√
x = 3.162277660168379 × 107 = 31622776.60168379

These two numbers have 52 significant bits, or equivalently 16 significant digits
(252 ≈ 1052×3/10 ≈ 1015) so that their significant digits range from 108 to 10−8.
Accordingly, the least significant digit of their sum and difference is also the
eighth digit after the decimal point (10−8).

√
x + 1 + √

x = 63245553.20336761√
x + 1 − √

x = 0.00000001862645149230957 ≈ 0.00000002

Note that the number of significant digits of the difference decreased to 1 from
16. Could you imagine that a single subtraction may kill most of the significant
digits? This is the very ‘loss of significance’, which is often called ‘catastrophic
cancellation’.

%nm122
clear
f1 = inline(’sqrt(x)*(sqrt(x + 1) - sqrt(x))’,’x’);
f2 = inline(’sqrt(x)./(sqrt(x + 1) + sqrt(x))’,’x’);
x = 1;
format long e
for k = 1:15

fprintf(’At x=%15.0f, f1(x)=%20.18f, f2(x) = %20.18f’, x,f1(x),f2(x));
x = 10*x;

end
sx1 = sqrt(x+1); sx = sqrt(x); d = sx1 - sx; s = sx1 + sx;
fprintf(’sqrt(x+1) = %25.13f, sqrt(x) = %25.13f ’,sx1,sx);
fprintf(’ diff = %25.23f, sum = %25.23f ’,d,s);
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>> nm122
At x= 1, f1(x)=0.414213562373095150, f2(x)=0.414213562373095090
At x= 10, f1(x)=0.488088481701514750, f2(x)=0.488088481701515480
At x= 100, f1(x)=0.498756211208899460, f2(x)=0.498756211208902730
At x= 1000, f1(x)=0.499875062461021870, f2(x)=0.499875062460964860
At x= 10000, f1(x)=0.499987500624854420, f2(x)=0.499987500624960890
At x= 100000, f1(x)=0.499998750005928860, f2(x)=0.499998750006249940
At x= 1000000, f1(x)=0.499999875046341910, f2(x)=0.499999875000062490
At x= 10000000, f1(x)=0.499999987401150920, f2(x)=0.499999987500000580
At x= 100000000, f1(x)=0.500000005558831620, f2(x)=0.499999998749999950
At x= 1000000000, f1(x)=0.500000077997506340, f2(x)=0.499999999874999990
At x= 10000000000, f1(x)=0.499999441672116520, f2(x)=0.499999999987500050
At x= 100000000000, f1(x)=0.500004449631168080, f2(x)=0.499999999998750000
At x= 1000000000000, f1(x)=0.500003807246685030, f2(x)=0.499999999999874990
At x= 10000000000000, f1(x)=0.499194546973835970, f2(x)=0.499999999999987510
At x= 100000000000000, f1(x)=0.502914190292358400, f2(x)=0.499999999999998720

sqrt(x+1) = 31622776.6016838100000, sqrt(x) = 31622776.6016837920000
diff=0.00000001862645149230957, sum=63245553.20336760600000000000000

1.2.3 Absolute/Relative Computing Errors

The absolute/relative error of an approximate value x to the true value X of a
real-valued variable is defined as follows:

εx = X(true value) − x(approximate value) (1.2.7)

ρx = εx

X
= X − x

X
(1.2.8)

If the least significant digit (LSD) is the dth digit after the decimal point, then
the magnitude of the absolute error is not greater than half the value of LSD.

|εx | = |X − x| ≤ 1
2 10−d (1.2.9)

If the number of significant digits is s, then the magnitude of the relative error
is not greater than half the relative value of LSD over MSD (most significant
digit).

|ρx | = |εx |
|X| = |X − x|

|X| ≤ 1

2
10−s (1.2.10)

1.2.4 Error Propagation

In this section we will see how the errors of two numbers, x and y, are propagated
with the four arithmetic operations. Error propagation means that the errors in the
input numbers of a process or an operation cause the errors in the output numbers.

Let their absolute errors be εx and εy , respectively. Then the magnitudes of
the absolute/relative errors in the sum and difference are

εx±y = (X ± Y ) − (x ± y) = (X − x) ± (Y − y) = εx ± εy

|εx±y| ≤ |εx | + |εy| (1.2.11)

|ρx±y| = |εx±y|
|X ± Y | ≤ |X||εx/X| + |Y ||εy/Y |

|X ± Y | = |X||ρx | + |Y ||ρy|
|X ± Y | (1.2.12)
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From this, we can see why the relative error is magnified to cause the “loss
of significance” in the case of subtraction when the two numbers X and Y are
almost equal so that |X − Y | ≈ 0.

The magnitudes of the absolute and relative errors in the multiplication/division
are

|εxy | = |XY − xy| = |XY − (X + εx)(Y + εy)| ≈ |Xεy ± Yεx |
|εxy| ≤ |X||εy| + |Y ||εx| (1.2.13)

|ρxy | = |εxy |
|XY | ≤ |εy|

|Y | + |εx |
|X| = |ρx| + |ρy | (1.2.14)

|εx/y | =
∣∣∣∣XY − x

y

∣∣∣∣ =
∣∣∣∣XY − X + εx

Y + εy

∣∣∣∣ ≈ |Xεy − Yεx |
Y 2

|εx/y| ≤ |X||εy | + |Y ||εx|
Y 2

(1.2.15)

|ρx/y| = |εx/y |
|X/Y | ≤ |εx|

|X| + |εy |
|Y | = |ρx| + |ρy | (1.2.16)

This implies that, in the worst case, the relative error in multiplication/division
may be as large as the sum of the relative errors of the two numbers.

1.2.5 Tips for Avoiding Large Errors

In this section we will look over several tips to reduce the chance of large errors
occurring in calculations.

First, in order to decrease the magnitude of round-off errors and to lower the
possibility of overflow/underflow errors, make the intermediate result as close to
1 as possible in consecutive multiplication/division processes. According to this
rule, when computing xy/z, we program the formula as

ž (xy)/z when x and y in the multiplication are very different in magnitude,
ž x(y/z) when y and z in the division are close in magnitude, and
ž (x/z)y when x and z in the division are close in magnitude.

For instance, when computing yn/enx with x � 1 and y � 1, we would program
it as (y/ex)n rather than as yn/enx , so that overflow/underflow can be avoided. You
may verify this by running the following MATLAB program “nm125_1.m”.

%nm125_1:
x = 36; y = 1e16;
for n = [-20 -19 19 20]

fprintf(’y^%2d/e^%2dx = %25.15e\n’,n,n,y^n/exp(n*x));
fprintf(’(y/e^x)^%2d = %25.15e\n’,n,(y/exp(x))^n);

end
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>>nm125_1
y^-20/e^-20x = 0.000000000000000e+000
(y/e^x)^-20 = 4.920700930263814e-008
y^-19/e^-19x = 1.141367814854768e-007
(y/e^x)^-19 = 1.141367814854769e-007
y^19/e^19x = 8.761417546430845e+006
(y/e^x)^19 = 8.761417546430843e+006
y^20/e^20x = NaN
(y/e^x)^20 = 2.032230802424294e+007

Second, in order to prevent ‘loss of significance’, it is important to avoid a
‘bad subtraction’ (Section 1.2.2)—that is, a subtraction of a number from another
number having almost equal value. Let us consider a simple problem of finding
the roots of a second-order equation ax2 + bx + c = 0 by using the quadratic
formula

x1 = −b + √
b2 − 4ac

2a
, x2 = −b − √

b2 − 4ac

2a
(1.2.17)

Let |4ac| ≺ b2. Then, depending on the sign of b, a “bad subtraction” may be
encountered when we try to find x1 or x2, which is the smaller one of the two
roots. This implies that it is safe from the “loss of significance” to compute the
root having the larger absolute value first and then obtain the other root by using
the relation (between the roots and the coefficients) x1x2 = c/a.

For another instance, we consider the following two formulas, which are ana-
lytically the same, but numerically different:

f1(x) = 1 − cos x

x2
, f2(x) = sin2 x

x2(1 + cos x)
(1.2.18)

It is safe to use f1(x) for x ≈ π since the term (1 + cos x) in f2(x) is a ‘bad sub-
traction’, while it is safe to use f2(x) for x ≈ 0 since the term (1 − cos x) in f1(x)

is a ‘bad subtraction’. Let’s run the following MATLAB program “nm125_2.m”
to confirm this. Below is the running result. This implies that we might use some
formulas to avoid a ‘bad subtraction’.

%nm125_2: round-off error test
f1 = inline(’(1 - cos(x))/x/x’,’x’);
f2 = inline(’sin(x)*sin(x)/x/x/(1 + cos(x))’,’x’);
for k = 0:1

x = k*pi; tmp = 1;
for k1 = 1:8

tmp = tmp*0.1; x1 = x + tmp;
fprintf(’At x = %10.8f, ’, x1)
fprintf(’f1(x) = %18.12e; f2(x) = %18.12e’, f1(x1),f2(x1));

end
end
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>> nm125_2
At x = 0.10000000, f1(x) = 4.995834721974e-001; f2(x) = 4.995834721974e-001
At x = 0.01000000, f1(x) = 4.999958333474e-001; f2(x) = 4.999958333472e-001
At x = 0.00100000, f1(x) = 4.999999583255e-001; f2(x) = 4.999999583333e-001
At x = 0.00010000, f1(x) = 4.999999969613e-001; f2(x) = 4.999999995833e-001
At x = 0.00001000, f1(x) = 5.000000413702e-001; f2(x) = 4.999999999958e-001
At x = 0.00000100, f1(x) = 5.000444502912e-001; f2(x) = 5.000000000000e-001
At x = 0.00000010, f1(x) = 4.996003610813e-001; f2(x) = 5.000000000000e-001
At x = 0.00000001, f1(x) = 0.000000000000e+000; f2(x) = 5.000000000000e-001
At x = 3.24159265, f1(x) = 1.898571371550e-001; f2(x) = 1.898571371550e-001
At x = 3.15159265, f1(x) = 2.013534055392e-001; f2(x) = 2.013534055391e-001
At x = 3.14259265, f1(x) = 2.025133720884e-001; f2(x) = 2.025133720914e-001
At x = 3.14169265, f1(x) = 2.026294667803e-001; f2(x) = 2.026294678432e-001
At x = 3.14160265, f1(x) = 2.026410772244e-001; f2(x) = 2.026410604538e-001
At x = 3.14159365, f1(x) = 2.026422382785e-001; f2(x) = 2.026242248740e-001
At x = 3.14159275, f1(x) = 2.026423543841e-001; f2(x) = 2.028044503269e-001
At x = 3.14159266, f1(x) = 2.026423659946e-001; f2(x) = Inf

It may be helpful for avoiding a ‘bad subtraction’ to use the Taylor series
expansion ([W-1]) rather than using the exponential function directly for the
computation of ex . For example, suppose we want to find

f3(x) = ex − 1

x
at x = 0 (1.2.19)

We can use the Taylor series expansion up to just the fourth-order of ex about x = 0

g(x) = ex ≈ g(0) + g′(0)x + g′′(0)

2!
x2 + g(3)(0)

3!
x3 + g(4)(0)

4!
x4

= 1 + x + 1

2!
x2 + 1

3!
x3 + 1

4!
x4

to approximate the above function (1.2.19) as

f3(x) = ex − 1

x
≈ 1 + 1

2!
x + 1

3!
x2 + 1

4!
x3 = f4(x) (1.2.20)

Noting that the true value of (1.2.9) is computed to be 1 by using the L’Hôpital’s
rule ([W-1]), we run the MATLAB program “nm125_3.m” to find which one of
the two formulas f3(x) and f4(x) is better for finding the value of the expression
(1.2.9) at x = 0. Would you compare them based on the running result shown
below? How can the approximate formula f4(x) outrun the true one f3(x) for
the numerical purpose, though not usual? It is because the zero factors in the
numerator/denominator of f3(x) are canceled to set f4(x) free from the terror of
a “bad subtraction.”
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%nm125_3: reduce the round-off error using Taylor series
f3 = inline(’(exp(x)-1)/x’,’x’);
f4 = inline(’((x/4+1)*x/3) + x/2+1’,’x’);
x = 0; tmp = 1;
for k1 = 1:12

tmp = tmp*0.1; x1 = x + tmp;
fprintf(’At x = %14.12f, ’, x1)
fprintf(’f3(x) = %18.12e; f4(x) = %18.12e’, f3(x1),f4(x1));

end

>> nm125_3

At x=0.100000000000, f3(x)=1.051709180756e+000; f4(x)=1.084166666667e+000
At x=0.010000000000, f3(x)=1.005016708417e+000; f4(x)=1.008341666667e+000
At x=0.001000000000, f3(x)=1.000500166708e+000; f4(x)=1.000833416667e+000
At x=0.000100000000, f3(x)=1.000050001667e+000; f4(x)=1.000083334167e+000
At x=0.000010000000, f3(x)=1.000005000007e+000; f4(x)=1.000008333342e+000
At x=0.000001000000, f3(x)=1.000000499962e+000; f4(x)=1.000000833333e+000
At x=0.000000100000, f3(x)=1.000000049434e+000; f4(x)=1.000000083333e+000
At x=0.000000010000, f3(x)=9.999999939225e-001; f4(x)=1.000000008333e+000
At x=0.000000001000, f3(x)=1.000000082740e+000; f4(x)=1.000000000833e+000
At x=0.000000000100, f3(x)=1.000000082740e+000; f4(x)=1.000000000083e+000
At x=0.000000000010, f3(x)=1.000000082740e+000; f4(x)=1.000000000008e+000
At x=0.000000000001, f3(x)=1.000088900582e+000; f4(x)=1.000000000001e+000

1.3 TOWARD GOOD PROGRAM

Among the various criteria about the quality of a general program, the most
important one is how robust its performance is against the change of the problem
properties and the initial values. A good program guides the program users who
don’t know much about the program and at least give them a warning message
without runtime error for their minor mistake. There are many other features
that need to be considered, such as user friendliness, compactness and elegance,
readability, and so on. But, as far as the numerical methods are concerned, the
accuracy of solution, execution speed (time efficiency), and memory utilization
(space efficiency) are of utmost concern. Since some tips to achieve the accuracy
or at least to avoid large errors (including overflow/underflow) are given in the
previous section, we will look over the issues of execution speed and memory
utilization.

1.3.1 Nested Computing for Computational Efficiency

The execution speed of a program for a numerical solution depends mostly on
the number of function (subroutine) calls and arithmetic operations performed in
the program. Therefore, we like the algorithm requiring fewer function calls and
arithmetic operations. For instance, suppose we want to evaluate the value of a
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polynomial
p4(x) = a1x

4 + a2x
3 + a3x

2 + a4x + a5 (1.3.1)

It is better to use the nested structure (as below) than to use the above form as
it is.

p4n(x) = (((a1x + a2)x + a3)x + a4)x + a5 (1.3.2)

Note that the numbers of multiplications needed in Eqs. (1.3.2) and (1.3.1) are
4 and (4 + 3 + 2 + 1 = 9), respectively. This point is illustrated by the program
“nm131_1.m”, where a polynomial

∑N−1
i=0 aix

i of degree N = 106 for a certain
value of x is computed by using the three methods—that is, Eq. (1.3.1), Eq.
(1.3.2), and the MATLAB built-in function ‘polyval()’. Interested readers could
run this program to see that Eq. (1.3.2)—that is, the nested multiplication—is
the fastest, while ‘polyval()’ is the slowest because of some overhead time for
being called, though it is also fabricated in a nested structure.

%nm131_1: nested multiplication vs. plain multiple multiplication
N = 1000000+1; a = [1:N]; x = 1;
tic % initialize the timer
p = sum(a.*x.^[N-1:-1:0]); %plain multiplication
p, toc % measure the time passed from the time of executing ’tic’
tic, pn=a(1);
for i = 2:N %nested multiplication

pn = pn*x + a(i);
end
pn, toc
tic, polyval(a,x), toc

Programming in a nested structure is not only recommended for time-efficient
computation, but also may be critical to the solution. For instance, consider a
problem of finding the value

S(K) =
K∑

k=0

λk

k!
e−λ for λ = 100 and K = 155 (1.3.3)

%nm131_2_1: nested structure
lam = 100; K = 155;
p = exp(-lam);
S = 0;
for k = 1:K

p=p*lam/k; S=S+p;
end
S

%nm131_2_2: not nested structure
lam = 100; K = 155;
S = 0;
for k = 1:K

p = lam^k/factorial(k);
S = S + p;

end
S*exp(-lam)

The above two programs are made for this computational purpose. Noting that
this sum of Poisson probability distribution is close to 1 for such a large K , we
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can run them to find that one works fine, while the other gives a quite wrong
result. Could you tell which one is better?

1.3.2 Vector Operation Versus Loop Iteration

It is time-efficient to use vector operations rather than loop iterations to perform a
repetitive job for an array of data. The following program “nm132_1.m” compares
a vector operation versus a loop iteration in terms of the execution speed. Could
you tell which one is faster?

%nm132_1: vector operation vs. loop iteration
N = 100000; th = [0:N-1]/50000*pi;
tic
ss=sin(th(1));
for i = 2:N, ss = ss + sin(th(i)); end % loop iteration
toc, ss
tic
ss = sum(sin(th)); % vector operation
toc, ss

As a more practical example, let us consider a problem of finding the DtFT
(discrete-time Fourier transform) ([W-3]) of a given sequence x[n].

X(�) =
N−1∑
n=0

x[n]e−j�n for � = [−100 : 100]π/100 (1.3.4)

The following program “nm132_2.m” compares a vector operation versus a loop
iteration for computing the DtFT in terms of the execution speed. Could you tell
which one is faster?

%nm132_2: nested structure
N = 1000; x = rand(1,N); % a random sequence x[n] for n = 0:N-1
W = [-100:100]*pi/100; % frequency range
tic
for k = 1:length(W)

X1(k) = 0; %for for loop
for n = 1:N, X1(k) = X1(k) + x(n)*exp(-j*W(k)*(n-1)); end

end
toc
tic
X2 = 0;
for n = 1:N %for vector loop

X2 = X2 +x(n)*exp(-j*W*(n-1));
end
toc
discrepancy = norm(X1-X2) %transpose for dimension compatibility
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1.3.3 Iterative Routine Versus Nested Routine

In this section we compare an iterative routine and a nested routine performing the
same job. Consider the following two programs fctrl1(n)/fctrl2(n), whose
common objectives is to get the factorial of a given nonnegative integer k.

k! = k(k − 1) · · · 2 · 1 (1.3.5)

They differ in their structure. While fctrl1() uses a for loop structure, fctrl2()
uses the nested (recursive) calling structure that a program uses itself as a subroutine
to perform a sub-job. Compared with fctrl1(), fctrl2() is easier to program as
well as to read, but is subject to runtime error that is caused by the excessive use
of stack memory as the number of recursive calls increases with large n. Another
disadvantage of fctrl2() is that it is time-inefficient for the number of function
calls, which increases with the input argument (n). In this case, a professional
programmer would consider the standpoint of users to determine the programming
style. Some algorithms like the adaptive integration (Section 5.8), however, may
fit the nested structure perfectly.

function m = fctrl1(n)
m = 1;
for k = 2:n, m = m*k; end

function m = fctrl2(n)
if n <= 1, m = 1;
else m = n*fctrl2(n-1);

end

1.3.4 To Avoid Runtime Error

A good program guides the program users who don’t know much about the
program and at least gives them a warning message without runtime error for
their minor mistake. If you don’t know what runtime error is, you can experience
one by taking the following steps:

1. Make and save the above routine fctrl1() in an M-file named ‘fctrl.m’
in a directory listed in the MATLAB search path.

2. Type fctrl(-1) into the MATLAB Command window. Then you will see

>>fctrl(-1)
ans = 1

This seems to imply that (−1)! = 1, which is not true. It is caused by the mistake
of the user who tries to find (−1)! without knowing that it is not defined. This
kind of runtime error seems to be minor because it does not halt the process.
But it needs special attention because it may not be easy to detect. If you are a
good programmer, you will insert some error handling statements in the program
fctrl() as below. Then, when someone happens to execute fctrl(-1) in the
Command window or through an M-file, the execution stops and he will see the
error message in the Command window as

??? Error using ==> fctrl
The factorial of negative number ??
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function m = fctrl(n)
if n < 0, error(’The factorial of negative number ??’);
else m = 1; for k = 2:n, m = m*k; end

end

This shows the error message (given as the input argument of the error()
routine) together with the name of the routine in which the accidental “error”
happens, which is helpful for the user to avoid the error.

Most common runtime errors are caused by an “out of domain” index of array
and the violation of matrix dimension compatibility, as illustrated in Section 1.1.7.
For example, consider the gauss(A,B) routine in Section 2.2.2, whose job is to
solve a system of linear equations Ax = b for x. To appreciate the role of the fifth
line handling the dimension compatibility error in the routine, remove the line
(by putting the comment mark % before the line in the M-file defining gauss())
and type the following statements in the Command window:

>>A = rand(3,3); B = rand(2,1); x = gauss(A,B)
?? Index exceeds matrix dimensions.
Error in ==> C:\MATLAB6p5\nma\gauss.m
On line 10 ==> AB = [A(1:NA,1:NA) B(1:NA,1:NB)];

Then MATLAB gives you an error message together with the suspicious state-
ment line and the routine name. But it is hard to figure out what causes the
runtime error, and you may get nervous lest the routine should have some bug.
Now, restore the fifth line in the routine and type the same statements in the
Command window:

>>x = gauss(A,B)
?? Error using ==> gauss
A and B must have compatible dimension

This error message (provided by the programmer of the routine) helps you to
realize that the source of the runtime error is the incompatible matrices/vectors A
and B given as the input arguments to the gauss() routine. Very like this, a good
program has a scenario for possible user mistakes and fires the error routine for
each abnormal condition to show the user the corresponding error message.

Many users often give more/fewer input arguments than supposed to be given
to the MATLAB functions/routines and sometimes give wrong types/formats of
data to them. To experience this type of error, let us try using the MATLAB
function sinc1(t,D) (Section 1.3.5) to plot the graph of a sinc function

sin c(t/D) = sin(πt/D)

πt/D
with D = 0.5 and t = [−2, 2

]
(1.3.6)

With this purpose, type the following statements in the Command window.
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0.5

1

0

−2 −1 0

(a) sinc1() with division-by-zero handling
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(b) sinc1() without division-by-zero handling

Figure 1.8 The graphs of a sinc function defined by sinc1().

>>D = 0.5; b1 = -2; b2 = 2; t = b1+[0:200]/200*(b2 - b1);
>>plot(t,sinc1(t,D)), axis([b1 b2 -0.4 1.2])
>>hold on, plot(t,sinc1(t),’k:’)

The two plotting commands coupled with sinc1(t,D) and sinc1(t) yield the
two beautiful graphs, respectively, as depicted in Fig. 1.8a. It is important to
note that sinc1() doesn’t bother us and works fine without the second input
argument D. We owe the second line in the function sinc1() for the nice error-
handling service:

if nargin < 2, D = 1; end

This line takes care of the case where the number of input arguments (nargin) is
less than 2, by assuming that the second input argument is D = 1 by default. This
programming technique is the key to making the MATLAB functions adaptive
to different number/type of input arguments, which is very useful for breathing
the user-convenience into the MATLAB functions. To appreciate its role, we
remove the second line from the M-file defining sinc1() and then type the same
statement in the Command window, trying to use sinc1() without the second
input argument.

>>plot(t,sinc1(t),’k:’)
??? Input argument ’D’ is undefined.
Error in ==> C:\MATLAB6p5\nma\sinc1.m
On line 4 ==> x = sin(pi*t/D)./(pi*t/D);

This time we get a serious (red) error message with no graphic result. It is implied
that the MATLAB function without the appropriate error-handling parts no longer
allows the user’s default or carelessness.

Now, consider the third line in sinc1(), which is another error-handling state-
ment.

t(find(t==0))=eps;
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or, equivalently

for i = 1:length(t), if t(i) == 0, t(i) = eps; end, end

This statement changes every zero element in the t vector into eps (2.2204e-
016). What is the real purpose of this statement? It is actually to remove the
possibility of division-by-zero in the next statement, which is a mathematical
expression having t in the denominator.

x = sin(pi*t/D)./(pi*t/D);

To appreciate the role of the third line in sinc1(), we remove it from the M-file
defining sinc1(), and type the following statement in the Command window.

>>plot(t,sinc1(t,D),’r’)
Warning: Divide by zero.
(Type "warning off MATLAB:divideByZero" to suppress this warning.)
In C:\MATLAB6p5\nma\sinc1.m at line 4)

This time we get just a warning (black) error message with a similar graphic
result as depicted in Fig. 1.8b. Does it imply that the third line is dispensable?
No, because the graph has a (weird) hole at t = 0, about which most engi-
neers/mathematicians would feel uncomfortable. That’s why authors strongly
recommend you not to omit such an error-handling part as the third line as
well as the second line in the MATLAB function sinc1().

(cf) What is the value of sinc1(t,D) for t = 0 in this case? Aren’t you curious? If so,
let’s go for it.

>>sinc1(0,D), sin(pi*0/D)/(pi*0/D), 0/0
ans = NaN (Not-a-Number: undetermined)

Last, consider of the fourth line in sinc1(), which is only one essential
statement performing the main job.

x = sin(pi*t/D)./(pi*t/D);

What is the .(dot) before /(division operator) for? In reference to this, authors
gave you a piece of advice that you had better put a .(dot) just before the
arithmetic operators *(multiplication), /(division), and ^(power) in the function
definition so that the term-by-term (termwise) operation can be done any time
(Section 1.1.6, (A5)). To appreciate the existence of the .(dot), we remove it from
the M-file defining sinc1(), and type the following statements in the Command
window.

>>clf, plot(t,sinc1(t,D)), sinc1(t,D), sin(pi*t/D)/(pi*t/D)
ans = -0.0187
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What do you see in the graphic window on the screen? Surprise, a (horizontal)
straight line running parallel with the t-axis far from any sinc function graph!
What is more surprising, the value of sinc1(t,D) or sin(pi*t/D)/(pi*t/D)
shows up as a scalar. Authors hope that this accident will help you realize how
important it is for right term-by-term operations to put .(dot) before the arithmetic
operators *, / and ^ . By the way, aren’t you curious about how MATLAB deals
with a vector division without .(dot)? If so, let’s try with the following statements:

>>A = [1:10]; B = 2*A; A/B, A*B’*(B*B’)^-1, A*pinv(B)
ans = 0.5

To understand this response of MATLAB, you can see Section 1.1.7 or Sec-
tion 2.1.2.

In this section we looked at several sources of runtime error, hoping that it
aroused the reader’s attention to the danger of runtime error.

1.3.5 Parameter Sharing via Global Variables

When we discuss the runtime error that may be caused by user’s default in passing
some parameter as input argument to the corresponding function, you might feel
that the parameter passing job is troublesome. Okay, it is understandable as a
beginner in MATLAB. How about declaring the parameters as global so that
they can be accessed/shared from anywhere in the MATLAB world as far as the
declaration is valid? If you want to, you can declare any varable(s) by inserting
the following statement in both the main program and all the functions using
the variables.

global Gravity_Constant Dielectric_Constant

%plot_sinc
clear, clf
global D
D = 1; b1 = -2; b2 = 2;
t = b1 +[0:100]/100*(b2 - b1);
%passing the parameter(s) through arguments of the function
subplot(221), plot(t, sinc1(t,D))
axis([b1 b2 -0.4 1.2])
%passing the parameter(s) through global variables
subplot(222), plot(t, sinc2(t))
axis([b1 b2 -0.4 1.2])

function x = sinc1(t,D)
if nargin<2, D = 1; end
t(find(t == 0)) = eps;
x = sin(pi*t/D)./(pi*t/D);

function x = sinc2(t)
global D
t(find(t == 0)) = eps;
x = sin(pi*t/D)./(pi*t/D);

Then, how convenient it would be, since you don’t have to bother about pass-
ing the parameters. But, as you get proficient in programming and handle many
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functions/routines that are involved with various sets of parameters, you might
find that the global variable is not always convenient, because of the follow-
ing reasons.

ž Once a variable is declared as global, its value can be changed in any of the
MATLAB functions having declared it as global, without being noitced by
other related functions. Therefore it is usual to declare only the constants as
global and use long names (with all capital letters) as their names for easy
identification.

ž If some variables are declared as global and modified by several func-
tions/routines, it is not easy to see the relationship and the interaction among
the related functions in terms of the global variable. In other words, the pro-
gram readability gets worse as the number of global variables and related
functions increases.

For example, let us look over the above program “plot sinc.m” and the func-
tion “sinc2()”. They both have a declaration of D as global; consequently,
sinc2() does not need the second input argument for getting the parameter
D. If you run the program, you will see that the two plotting statements adopting
sinc1() and sinc2() produce the same graphic result as depicted in Fig. 1.8a.

1.3.6 Parameter Passing Through Varargin

In this section we see two kinds of routines that get a function name (string)
with its parameters as its input argument and play with the function.

First, let us look over the routine “ez_plot1()”, which gets a function name
(ftn) with its parameters (p) and the lower/upper bounds (bounds = [b1 b2])
as its first, third, and second input argument, respectively, and plots the graph of
the given function over the interval set by the bounds. Since the given function
may or may not have its parameter, the two cases are determined and processed
by the number of input arguments (nargin) in the if-else-end block.

%plot_sinc1
clear, clf
D = 1; b1 = -2; b2 = 2;
t = b1+[0:100]/100*(b2 - b1);
bounds = [b1 b2];
subplot(223), ez_plot1(’sinc1’,bounds,D)
axis([b1 b2 -0.4 1.2])
subplot(224), ez_plot(’sinc1’,bounds,D)
axis([b1 b2 -0.4 1.2])

function ez_plot1(ftn,bounds,p)
if nargin < 2, bounds = [-1 1]; end
b1 = bounds(1); b2 = bounds(2);
t = b1+[0:100]/100*(b2 - b1);
if nargin <= 2, x = feval(ftn,t);
else x = feval(ftn,t,p);

end
plot(t,x)

function
ez_plot(ftn,bounds,varargin)
if nargin < 2, bounds = [-1 1]; end
b1 = bounds(1); b2 = bounds(2);
t = b1 + [0:100]/100*(b2 - b1);
x = feval(ftn,t,varargin{:});
plot(t,x)
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Now, let us see the routine “ez_plot()”, which does the same plotting job
as “ez_plot1()”. Note that it has a MATLAB keyword varargin (variable
length argument list) as its last input argument and passes it into the MATLAB
built-in function feval() as its last input argument. Since varargin can repre-
sent comma-separated multiple parameters including expression/strings, it paves
the highway for passing the parameters in relays. As the number of parame-
ters increases, it becomes much more convenient to use varargin for passing
the parameters than to deal with the parameters one-by-one as in ez_plot1().
This technique will be widely used later in Chapter 4 (on nonlinear equations),
Chapter 5 (on numerical integration), Chapter 6 (on ordinary differential equa-
tions), and Chapter 7 (on optimization).

(cf) Note that MATLAB has a built-in graphic function ezplot(), which is much more
powerful and convenient to use than ez_plot(). You can type ‘help ezplot’ to see
its function and usage.

1.3.7 Adaptive Input Argument List

A MATLAB function/routine is said to be “adaptive” to users in terms of input
arguments if it accepts different number/type of input arguments and makes a
reasonable interpretation. For example, let us see the nonlinear equation solver
routine ‘newton()’ in Section 4.4. Its input argument list is

(f,df,x0,tol,kmax)

where f, df, x0, tol and kmax denote the filename (string) of function (to
be solved), the filename (string) of its derivative function, the initial guess (for
solution), the error tolerance and the maximum number of iterations, respectively.
Suppose the user, not knowing the derivative, tries to use the routine with just
four input arguments as follows.

>>newton(f,x0,tol,kmax)

At first, these four input arguments will be accepted as f,df,x0, and tol,
respectively. But, when the second line of the program body is executed, the
routine will notice something wrong from that df is not any filename but a
number and then interprets the input arguments as f,x0,tol, and kmax to the
idea of the user. This allows the user to use the routine in two ways, depending
on whether he is going to supply the routine with the derivative function or not.
This scheme is conceptually quite similar to function overloading of C++, but
C++ requires us to have several functions having the same name, with different
argument list.

PROBLEMS

1.1 Creating a Data File and Retrieving/Plotting Data Saved in a Data File
(a) Using the MATLAB editor, make a program “nm1p01a”, which lets its

user input data pairs of heights [ft] and weights [lb] of as many persons
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as he wants until he presses <Enter> and save the whole data in the
form of an N × 2 matrix into an ASCII data file (***.dat) named by
the user. If you have no idea how to compose such a program, you
can permutate the statements in the box below to make your program.
Store the program in the file named “nm1p01a.m” and run it to save
the following data into the data file named “hw.dat”:

5.5162
6.1185
5.7170
6.5195
6.2191

%nm1p01a: input data pairs and save them into an ASCII data file
clear
k = 0;
while 1
end
k = k + 1;
x(k,1) = h;
h = input(’Enter height:’)
x(k,2) = input(’Enter weight:’)
if isempty(h), break; end
cd(’c:\matlab6p5\work’) %change current working directory
filename = input(’Enter filename(.dat):’,’s’);
filename = [filename ’.dat’]; %string concatenation
save(filename,’x’,’/ascii’)

(b) Make a MATLAB program “nm1p01b”, which reads (loads) the data
file “hw.dat” made in (a), plots the data as in Fig. 1.1a in the upper-
left region of the screen divided into four regions like Fig. 1.3, and
plots the data in the form of piecewise-linear (PWL) graph describing
the relationship between the height and the weight in the upper-right
region of the screen. Let each data pair be denoted by the symbol ‘+’
on the graph. Also let the ranges of height and weight be [5, 7] and
[160, 200], respectively. If you have no idea, you can permutate the
statements in the below box. Additionally, run the program to check if
it works fine.

%nm1p01b: to read the data file and plot the data
cd(’c:\matlab6p5\work’) %change current working directory
weight = hw(I,2);
load hw.dat
clf, subplot(221)
plot(hw)
subplot(222)
axis([5 7 160 200])
plot(height,weight,height,weight,’+’)
[height,I] = sort(hw(:,1));
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1.2 Text Printout of Alphanumeric Data

Make a routine max_array(A), which uses the max() command to find one
of the maximum elements of a matrix A given as its input argument and
uses the fprintf() command to print it onto the screen together with its
row/column indices in the following format.

’\n Max(A) is A(%2d,%2d) = %5.2f\n’,row_index,col_index,maxA

Additionally, try it to have the maximum element of an arbitrary matrix
(generated by the following two consecutive commands) printed in this
format onto the screen.

>>rand(’state’,sum(100*clock)), rand(3)

1.3 Plotting the Mesh Graph of a Two-Dimensional Function

Consider the MATLAB program “nm1p03a”, whose objective is to draw
a cone.
(a) The statement on the sixth line seems to be dispensable. Run the pro-

gram with and without this line and see what happens.
(b) If you want to plot the function fcone(x,y) defined in another M-file

‘fcone.m’, how will you modify this program?
(c) If you replace the fifth line by ‘Z = 1-abs(X)-abs(Y);’, what differ-

ence does it make?

%nm1p03a: to plot a cone
clear, clf
x = -1:0.02:1; y = -1:0.02:1;
[X,Y] = meshgrid(x,y);
Z = 1-sqrt(X.^2+Y.^2);
Z = max(Z,zeros(size(Z)));
mesh(X,Y,Z)

function z = fcone(x,y)
z = 1-sqrt(x.^2 + y.^2);

1.4 Plotting The Mesh Graph of Stratigraphic Structure

Consider the incomplete MATLAB program “nm1p04”, whose objective is
to draw a stratigraphic structure of the area around Pennsylvania State
University from the several perspective point of view. The data about
the depth of the rock layer at 5 × 5 sites are listed in Table P1.4. Sup-
plement the incomplete parts of the program so that it serves the pur-
pose and run the program to answer the following questions. If you com-
plete it properly and run it, MATLAB will show you the four similar
graphs at the four corners of the screen and be waiting for you to press
any key.
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(a) At what value of k does MATLAB show you the mesh/surface-type graphs
that are the most similar to the first graphs? From this result, what do you
guess are the default values of the azimuth or horizontal rotation angle and
the vertical elevation angle (in degrees) of the perspective view point?

(b) As the first input argument Az of the command view(Az,E1) decreases,
in which direction does the perspective viewpoint revolve round the
z-axis, clockwise or counterclockwise (seen from the above)?

(c) As the second input argument El of the command view(Az,E1) increases,
does the perspective viewpoint move up or down along the z-axis?

(d) What is the difference between the plotting commands mesh() and
meshc()?

(e) What is the difference between the usages of the command view()
with two input arguments Az,El and with a three-dimensional vector
argument [x,y,z]?

Table P1.4 The Depth of the Rock Layer

x Coordinate

y Coordinate 0.1 1.2 2.5 3.6 4.8

0.5 410 390 380 420 450
1.4 395 375 410 435 455
2.2 365 405 430 455 470
3.5 370 400 420 445 435
4.6 385 395 410 395 410

%nm1p04: to plot a stratigraphic structure
clear, clf
x = [0.1 .. .. . ];
y = [0.5 .. .. . ];
Z = [410 390 .. .. .. .. ];
[X,Y] = meshgrid(x,y);
subplot(221), mesh(X,Y,500 - Z)
subplot(222), surf(X,Y,500 - Z)
subplot(223), meshc(X,Y,500 - Z)
subplot(224), meshz(X,Y,500 - Z)
pause
for k = 0:7

Az = -12.5*k; El = 10*k; Azr = Az*pi/180; Elr = El*pi/180;
subplot(221), view(Az,El)
subplot(222),
k, view([sin(Azr),-cos(Azr),tan(Elr)]), pause %pause(1)

end

1.5 Plotting a Function over an Interval Containing Its Singular Point Noting
that the tangent function f (x) = tan(x) is singular at x = π /2, 3π /2, let us
plot its graph over [0, 2π] as follows.
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(a) Define the domain vector x consisting of sufficiently many intermediate
point xi’s along the x-axis and the corresponding vector y consisting
of the function values at xi’s and plot the vector y over the vector x.
You may use the following statements.

>>x = [0:0.01:2*pi]; y = tan(x);
>>subplot(221), plot(x,y)

Which one is the most similar to what you have got, among the graphs
depicted in Fig. P1.5? Is it far from your expectation?

(b) Expecting to get the better graph, we scale it up along the y-axis by
using the following command.

>>axis([0 6.3 -10 10])

Which one is the most similar to what you have got, among the graphs
depicted in Fig. P1.5? Is it closer to your expectation than what you
got in (a)?

(c) Most probably, you must be nervous about the straight lines at the
singular points x = π/2 and x = 3π/2. The more disturbed you become
by the lines that must not be there, the better you are at the numerical
stuffs. As an alternative to avoid such a singular happening, you can
try dividing the interval into three sections excluding the two singular
points as follows.

0 2 4

(a) (b)

(c)
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Figure P1.5 Plotting the graph of f(x) = tan x.
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>>x1 = [0:0.01:pi/2-0.01]; x2 = [pi/2+0.01:0.01:3*pi/2-0.01];
>>x3 = [3*pi/2+0.01:0.01:2*pi];
>>y1 = tan(x1); y2 = tan(x2); y3 = tan(x3);
>>subplot(222), plot(x1,y1,x2,y2,x3,y3), axis([0 6.3 -10 10])

(d) Try adjusting the number of intermediate points within the plotting
interval as follows.

>>x1 = [0:200]*pi/100; y1 = tan(x1);
>>x2 = [0:400]*pi/200; y2 = tan(x2);
>>subplot(223), plot(x1,y1), axis([0 6.3 -10 10])
>>subplot(224), plot(x2,y2), axis([0 6.3 -10 10])

From the difference between the two graphs you got, you might have
guessed that it would be helpful to increase the number of intermediate
points. Do you still have the same idea even after you adjust the range
of the y-axis to [−50, +50] by using the following command?

>>axis([0 6.3 -50 50])

(e) How about trying the easy plotting command ezplot()? Does it answer
your desire?

>>ezplot(’tan(x)’,0,2*pi)

1.6 Plotting the Graph of a Sinc Function

The sinc function is defined as

f (x) = sin x

x
(P1.6.1)

whose value at x = 0 is

f (0) = lim
x→0

sin x

x
= (sin x)′

x ′

∣∣∣∣
x=0

= cos x

1

∣∣∣
x=0

= 1 (P1.6.2)

We are going to plot the graph of this function over [−4π,+4π].
(a) Casually, you may try as follows.

>>x = [-100:100]*pi/25; y = sin(x)./x;
>>plot(x,y), axis([-15 15 -0.4 1.2])

In spite of the warning message about ‘division-by-zero’, you may
somehow get a graph. But, is there anything odd about the graph?

(b) How about trying with a different domain vector?

>>x = [-4*pi:0.1:+4*pi]; y = sin(x)./x;
>>plot(x,y), axis([-15 15 -0.4 1.2])
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Surprisingly, MATLAB gives us the function values without any com-
plaint and presents a nice graph of the sinc function. What is the
difference between (a) and (b)?

(cf) Actually, we would have no problem if we used the MATLAB built-in function
sinc().

1.7 Termwise (Element-by-Element) Operation in In-Line Functions
(a) Let the function f1(x) be defined without one or both of the dot(.)

operators in Section 1.1.6. Could we still get the output vector consist-
ing of the function values for the several values in the input vector?
You can type the following statements into the MATLAB command
window and see the results.

>>f1 = inline(’1./(1+8*x^2)’,’x’); f1([0 1])
>>f1 = inline(’1/(1+8*x.^2)’,’x’); f1([0 1])

(b) Let the function f1(x) be defined with both of the dot(.) operators as in
Section 1.1.6. What would we get by typing the following statements
into the MATLAB command window?

>>f1 = inline(’1./(1+8*x.^2)’,’x’); f1([0 1]’)

1.8 In-Line Function and M-file Function with the Integral Routine ‘quad()’

As will be seen in Section 5.8, one of the MATLAB built-in functions for
computing the integral is ‘quad()’, the usual usage of which is

quad(f,a,b,tol,trace,p1,p2, ..) for
∫ b

a

f (x, p1, p2, . . .)dx

(P1.8.1)

where

f is the name of the integrand function (M-file name should be categorized
by ’ ’)
a,b are the lower/upper bound of the integration interval
tol is the error tolerance (10−6 by default [])
trace set to 1(on)/0(off) (0 by default []) for subintervals
p1,p2,.. are additional parameters to be passed directly to function f

Let’s use this quad() routine with an in-line function and an M-file function
to obtain ∫ m+10

m−10
(x − x0)f (x)dx (P1.8.2a)

and ∫ m+10

m−10
(x − x0)

2f (x)dx (P1.8.2b)
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where

x0 = 1, f (x) = 1√
2πσ

e−(x−m)2/2σ 2
with m = 1, σ = 2 (P1.8.3)

Below are an incomplete main program ‘nm1p08’ and an M-file function
defining the integrand of (P1.8.2a). Make another M-file defining the inte-
grand of (P1.8.2b) and complete the main program to compute the two
integrals (P1.8.2a) and (P1.8.2b) by using the in-line/M-file functions.

function xfx = xGaussian_pdf(x,m,sigma,x0)
xfx = (x - x0).*exp(-(x - m).^2/2/sigma^2)/sqrt(2*pi)/sigma;

%nm1p08: to try using quad() with in-line/M-file functions
clear
m = 1; sigma = 2;
int_xGausspdf = quad(’xGaussian_pdf’,m - 10,m + 10,[],0,m,sigma,1)
Gpdf = ’exp(-(x-m).^2/2/sigma^2)/sqrt(2*pi)/sigma’;
xGpdf = inline([’(x - x0).*’ Gpdf],’x’,’m’,’sigma’,’x0’);
int_xGpdf = quad(xGpdf,m - 10,m+10,[],0,m,sigma,1)

1.9 µ-Law Function Defined in an M-File

The so-called µ-law function and µ−1-law function used for non-uniform
quantization is defined as

y = gµ(x) = |y|max
ln(1 + µ|x|/|x|max)

ln(1 + µ)
sign(x) (P1.9a)

x = g−1
µ (y) = |x|max

(1 + µ)|y|/|y|max − 1

µ
sign(y) (P1.9b)

Below are the µ-law function mulaw() defined in an M-file and a main
program nm1p09, which performs the following jobs:
ž Finds the values y of the µ-law function for x = [-1:0.01:1], plots the

graph of y versus x.
ž Finds the values x0 of the µ−1-law function for y.
ž Computes the discrepancy between x and x0.

Complete the µ−1-law function mulaw_inv() and store it together with
mulaw() and nm1p09 in the M-files named “mulaw inv.m”, “mulaw.m”,
and “nm1p09.m”, respectively. Then run the main program nm1p09 to plot
the graphs of the µ-law function with µ = 10, 50 and 255 and find the
discrepancy between x and x0.
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function [y,xmax] = mulaw(x,mu,ymax)
xmax = max(abs(x));
y = ymax*log(1+mu*abs(x/xmax))./log(1+mu).*sign(x); % Eq.(P1.9a)

function x = mulaw_inv(y,mu,xmax)

%nm1p09: to plot the mulaw curve
clear, clf
x = [-1:.005:1];
mu = [10 50 255];
for i = 1:3

[y,xmax] = mulaw(x,mu(i),1);
plot(x,y,’b-’, x,x0,’r-’), hold on
x0 = mulaw_inv(y,mu(i),xmax);
discrepancy = norm(x-x0)

end

1.10 Analog-to-Digital Converter (ADC)

Below are two ADC routines adc1(a,b,c) and adc2(a,b,c), which assign
the corresponding digital value c(i) to each one of the analog data belong-
ing to the quantization interval [b(i), b(i+1)]. Let the boundary vector
and the centroid vector be, respectively,

b = [-3 -2 -1 0 1 2 3]; c = [-2.5 -1.5 -0.5 0.5 1.5 2.5];

(a) Make a program that uses two ADC routines to find the output d for
the analog input data a = [-300:300]/100 and plots d versus a to see
the input-output relationship of the ADC, which is supposed to be like
Fig. P1.10a.

function d = adc1(a,b,c)
%Analog-to-Digital Converter
%Input a = analog signal, b(1:N + 1) = boundary vector

c(1:N)=centroid vector
%Output: d = digital samples
N = length(c);
for n = 1:length(a)

I = find(a(n) < b(2:N));
if ~isempty(I), d(n) = c(I(1));
else d(n) = c(N);

end
end

function d=adc2(a,b,c)
N = length(c);
d(find(a < b(2))) = c(1);
for i = 2:N-1

index = find(b(i) <= a & a <= b(i+1)); d(index) = c(i);
end
d(find(b(N) <= a)) = c(N);
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Figure P1.10 The characteristic of an ADC (analog-to-digital converter).

(b) Make a program that uses two ADC routines to find the output d for
the analog input data a = 3*sin(t) with t = [0:200]/100*pi and
plots a and d versus t to see how the analog input is converted into the
digital output by the ADC. The graphic result is supposed to be like
Fig. P1.10b.

1.11 Playing with Polynomials
(a) Polynomial Evaluation: polyval()

Write a MATLAB statement to compute

p(x) = x8 − 1 for x = 1 (P1.11.1)

(b) Polynomial Addition/Subtraction by Using Compatible Vector Addi-
tion/Subtraction
Write a MATLAB statement to add the following two polynomials:

p1(x) = x4 + 1, p2(x) = x3 − 2x2 + 1 (P1.11.2)

(c) Polynomial Multiplication: conv()
Write a MATLAB statement to get the following product of polynomials:

p(x) = (x4 + 1)(x2 + 1)(x + 1)(x − 1) (P1.11.3)

(d) Polynomial Division: deconv()
Write a MATLAB statement to get the quotient and the remainder of
the following polynomial division:

p(x) = x8/(x2 − 1) (P1.11.4)

(e) Routine for Differentiation/Integration of a Polynomial
What you see in the below box is the routine “poly_der(p)”, which
gets a polynomial coefficient vector p (in the descending order) and
outputs the coefficient vector pd of its derivative polynomial. Likewise,
you can make a routine “poly_int(p)”, which outputs the coefficient
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vector of the integral polynomial for a given polynomial coefficient
vector.
(cf) MATLAB has the built-in routines polyder()/polyint() for finding the

derivative/integral of a polynomial.

function pd = poly_der(p)
%p: the vector of polynomial coefficients in descending order
N = length(p);
if N <= 1, pd = 0; % constant
else

for i = 1: N - 1, pd(i) = p(i)*(N - i); end
end

(f) Roots of A Polynomial Equation: roots()
Write a MATLAB statement to get the roots of the following polynomial
equation

p(x) = x8 − 1 = 0 (P1.11.5)

You can check if the result is right, by using the MATLAB command
poly(), which generates a polynomial having a given set of roots.

(g) Partial Fraction Expansion of a Ratio of Two Polynomials: residue()/
residuez()

(i) The MATLAB routine [r,p,k] = residue(B,A) finds the partial
fraction expansion for a ratio of given polynomials B(s)/A(s) as

B(s)

A(s)
= b1s

M−1 + b2s
M−2 + · · · + bM

a1sN−1 + a2sN−2 + · · · + aN

= k(s) +
∑

i

r(i)

s − p(i)

(P1.11.6a)
which is good for taking the inverse Laplace transform. Use this
routine to find the partial fraction expansion for

X(s) = 4s + 2

s3 + 6s2 + 11s + 6
=

s + +
s + +

s +
(P1.11.7a)

(ii) The MATLAB routine [r,p,k] = residuez(B,A) finds the par-
tial fraction expansion for a ratio of given polynomials B(z)/A(z)

as

B(z)

A(z)
= b1 + b2z

−1 + · · · + bMz−(M−1)

a1 + a2z−1 + · · · + aNz−(N−1)
= k(z−1) +

∑
i

r(i)z

z − p(i)

(P1.11.6b)

which is good for taking the inverse z-transform. Use this routine
to find the partial fraction expansion for

X(z) = 4 + 2z−1

1 + 6z−1 + 11z−2 + 6z−3
= z

z + + z

z + + z

z +
(P1.11.7b)
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(h) Piecewise Polynomial: mkpp()/ppval()
Suppose we have an M × N matrix P, the rows of which denote
M (piecewise) polynomials of degree (N− 1) for different (non-
overlapping) intervals with (M + 1) boundary points bb = [b(1)
.. b(M + 1)], where the polynomial coefficients in each row are
supposed to be generated with the interval starting from x = 0. Then
we can use the MATLAB command pp = mkpp(bb,P) to construct a
structure of piecewise polynomials, which can be evaluated by using
ppval(pp).

Figure P1.11(h) shows a set of piecewise polynomials {p1(x + 3),

p2(x + 1), p3(x − 2)} for the intervals [−3, −1],[−1, 2] and [2, 4],
respectively, where

p1(x) = x2, p2(x) = −(x − 1)2, and p3(x) = x2 − 2 (P1.11.8)

Make a MATLAB program which uses mkpp()/ppval() to plot this
graph.

0

p1(x + 3) = (x + 3)2

p3(x − 2) = (x − 2)2 −2

p2(x + 1) = −x 2

−3
−5

0

5

−2 −1 1 2 3 x 4

Figure P1.11(h) The graph of piecewise polynomial functions.

(cf) You can type ‘help mkpp’ to see a couple of examples showing the usage
of mkpp.

1.12 Routine for Matrix Multiplication

Assuming that MATLAB cannot perform direct multiplication on vectors/
matrices, supplement the following incomplete routine “multiply_matrix
(A,B)” so that it can multiply two matrices given as its input arguments only
if their dimensions are compatible, but displays an error message if their
dimensions are not compatible. Try it to get the product of two arbitrary
3 × 3 matrices generated by the command rand(3) and compare the result
with that obtained by using the direct multiplicative operator *. Note that
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the matrix multiplication can be described as

C(m, n) =
K∑

k=1

A(m, k)B(k, n) (P1.12.1)

function C = multiply_matrix(A,B)
[M,K] = size(A); [K1,N] = size(B);
if K1 ~= K

error(’The # of columns of A is not equal to the # of rows of B’)
else

for m = 1:
for n = 1:

C(m,n) = A(m,1)*B(1,n);
for k = 2:

C(m,n) = C(m,n) + A(m,k)*B(k,n);
end

end
end

end

1.13 Function for Finding Vector Norm

Assuming that MATLAB does not have the norm() command finding us the
norm of a given vector/matrix, make a routine norm_vector(v,p), which
computes the norm of a given vector as

||v||p = p

√√√√ N∑
n=1

|vn|p (P1.13.1)

for any positive integer p, finds the maximum absolute value of the elements
for p = inf and computes the norm as if p = 2, even if the second input
argument p is not given. If you have no idea, permutate the statements in the
below box and save it in the file named “norm_vector.m”. Additionally, try
it to get the norm with p = 1,2,∞ (inf) and of an arbitrary vector generated
by the command rand(2,1). Compare the result with that obtained by using
the norm() command.

function nv = norm_vector(v,p)
if nargin < 2, p = 2; end
nv = sum(abs(v).^p)^(1/p);
nv = max(abs(v));
if p > 0 & p ~= inf
elseif p == inf

end
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1.14 Backslash(\) Operator

Let’s play with the backslash(\) operator.
(a) Use the backslash(\) command, the minimum-norm solution (2.1.7) and

the pinv() command to solve the following equations, find the residual
error ||Aix − bi ||’s and the rank of the coefficient matrix Ai , and fill in
Table P1.14 with the results.

(i) A1x =
[

1 2 3
4 5 6

]
 x1

x2

x3


 =

[
6

15

]
= b1 (P1.14.1)

(ii) A2x =
[

1 2 3
2 4 6

]
 x1

x2

x3


 =

[
6
8

]
= b2 (P1.14.2)

(iii) A3x =
[

1 2 3
2 4 6

]
 x1

x2

x3


 =

[
6

12

]
= b3 (P1.14.3)

Table P1.14 Results of Operations with backslash (\) Operator and pinv( ) Command

backslash(\) Minimum-Norm or
LS Solution

pinv() Remark
on rank(Ai)

redundant/x ||Aix − bi || x ||Aix − bi || x ||Aix − bi ||
inconsistent

1.5000 4.4409e-15
A1x = b1 0 (1.9860e-15)

1.5000

0.3143 1.7889
A2x = b2 0.6286

0.9429

A3x = b3

A4x = b4 2.5000 1.2247
0.0000

A5x = b5

A6x = b6

(cf) When the mismatching error ||Aix − bi ||’s obtained from MATLAB 5.x/6.x version are slightly different, the
former one is in the parentheses ().
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(b) Use the backslash (\) command, the LS (least-squares) solution (2.1.10)
and the pinv() command to solve the following equations and find the
residual error ||Aix − bi||’s and the rank of the coefficient matrix Ai ,
and fill in Table P1.14 with the results.

(i) A4x =

 1 2

2 3
3 4


 [

x1

x2

]
=


 2

6
7


 = b4 (P1.14.4)

(ii) A5x =

 1 2

2 4
3 6


 [

x1

x2

]
=


 1

5
8


 = b5 (P1.14.5)

(iii) A6x =

 1 2

2 4
3 6




[
x1

x2

]
=


 3

6
9


 = b6 (P1.14.6)

(cf) If some or all of the rows of the coefficient matrix A in a set of linear equations
can be expressed as a linear combination of other row(s), the corresponding
equations are dependent, which can be revealed by the rank deficiency, that is,
rank(A) < min(M, N) where M and N are the row dimension and the column
dimension, respectively. If some equations are dependent, they may have either
inconsistency (no exact solution) or redundancy (infinitely many solutions),
which can be distinguished by checking if augmenting the RHS vector b to the
coefficient matrix A increases the rank or not—that is, rank([A b]) > rank(A)
or not [M-2].

(c) Based on the results obtained in (a) and (b) and listed in Table P1.14,
answer the following questions.

(i) Based on the results obtained in (a)(i), which one yielded the
non-minimum-norm solution among the three methods, that is,
the backslash(\) operator, the minimum-norm solution (2.1.7) and
the pinv() command? Note that the minimum-norm solution
means the solution whose norm (||x||) is the minimum over the
many solutions.

(ii) Based on the results obtained in (a), which one is most reliable
as a means of finding the minimum-norm solution among the
three methods?

(iii) Based on the results obtained in (b), choose two reliable methods
as a means of finding the LS (least-squares) solution among the
three methods, that is, the backslash (\) operator, the LS solu-
tion (2.1.10) and the pinv() command. Note that the LS solution
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means the solution for which the residual error (||Ax − b||) is the
minimum over the many solutions.

1.15 Operations on Vectors
(a) Find the mathematical expression for the computation to be done by

the following MATLAB statements.

>>n = 0:100; S = sum(2.^-n)

(b) Write a MATLAB statement that performs the following computation.
(

10000∑
n=0

1

(2n + 1)2

)
− π2

8

(c) Write a MATLAB statement which uses the commands prod() and
sum() to compute the product of the sums of each row of a 3 × 3
random matrix.

(d) How does the following MATLAB routine “repetition(x,M,m)” con-
vert a given row vector sequence x to make a new sequence y ?

function y = repetition(x,M,m)
if m == 1
MNx = ones(M,1)*x; y = MNx(:)’;

else
Nx = length(x); N = ceil(Nx/m);
x = [x zeros(1,N*m - Nx)];
MNx = ones(M,1)*x;
y = [];
for n = 1:N

tmp = MNx(:,(n - 1)*m + [1:m]).’;
y = [y tmp(:).’];

end
end

(e) Make a MATLAB routine “zero_insertion(x,M,m)”, which inserts
m zeros just after every Mth element of a given row vector sequence
x to make a new sequence. Write a MATLAB statement to apply the
routine for inserting two zeros just after every third element of x =
[ 1 3 7 2 4 9 ] to get

y = [ 1 3 7 0 0 2 4 9 0 0 ]

(f) How does the following MATLAB routine “zeroing(x,M,m)” convert
a given row vector sequence x to make a new sequence y?
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function y = zeroing(x,M,m)
%zero out every (kM - m)th element
if nargin < 3, m = 0; end
if M<=0, M = 1; end
m = mod(m,M);
Nx = length(x); N = floor(Nx/M);
y = x; y(M*[1:N] - m) = 0;

(g) Make a MATLAB routine “sampling(x,M,m)”, which samples every
(kM - m)th element of a given row vector sequence x to make a new
sequence. Write a MATLAB statement to apply the routine for sampling
every (3k − 2)th element of x = [ 1 3 7 2 4 9 ] to get

y = [1 2]

(h) Make a MATLAB routine ‘rotation_r(x,M)”, which rotates a given
row vector sequence x right by M samples, say, making rotate_r([1
2 3 4 5],3) = [3 4 5 1 2].

1.16 Distribution of a Random Variable: Histogram

Make a routine randu(N,a,b), which uses the MATLAB function rand()
to generate an N-dimensional random vector having the uniform distribution
over [a, b] and depicts the graph for the distribution of the elements of
the generated vector in the form of histogram divided into 20 sections as
Fig.1.7. Then, see what you get by typing the following statement into the
MATLAB command window.

>>randu(1000,-2,2)

What is the height of the histogram on the average?

1.17 Number Representation

In Section 1.2.1, we looked over how a number is represented in 64 bits.
For example, the IEEE 64-bit floating-point number system represents the
number 3(21 ≤ 3 < 22) belonging to the range R1 = [21, 22) with E = 1 as

0 100 0000 0000 0000 0000 . . . . . . . . . . . . 0000 0000 0000 0000 0000

000000 . . . . . . . .0004 8

1000

where the exponent and the mantissa are

Exp = E + 1023 = 1 + 1023 = 1024 = 210 = 100 0000 0000

M = (3 × 2−E − 1) × 252 = 251

= 1000 0000 0000 . . . . 0000 0000 0000 0000 0000
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This can be confirmed by typing the following statement into MATLAB
command window.

>>fprintf(’3 = %bx\n’,3) or >>format hex, 3, format short

which will print out onto the screen

0000000000000840 4008000000000000

Noting that more significant byte (8[bits] = 2[hexadecimal digits]) of a
number is stored in the memory of higher address number in the INTEL
system, we can reverse the order of the bytes in this number to see the
number having the most/least significant byte on the left/right side as we
can see in the daily life.

00 00 00 00 00 00 08 40 → 40 08 00 00 00 00 00 00

This is exactly the hexadecimal representation of the number 3 as we
expected. You can find the IEEE 64-bit floating-point number represen-
tation of the number 14 and use the command fprintf() or format hex to
check if the result is right.

<procedure of adding 2−1 to 23> <procedure of subtracting 2−1 from 23>

alignment

right result

truncation of guard bit

1 .0000 × 23

+ 1 .0000 × 2−1
.00000 × 23

.00010 × 23
alignment

2’s
complement

1 .0000 × 23

− 1 .0000 × 2−1
1 .00000 × 23

− 0 .00010 × 23
1 .00000 × 23

+ 1 .11110 × 23

1 .00010 × 23

 1 .0001   × 23

= (1 + 2−4)   × 23

right result

normalization
truncation of guard bit

0 .11110 × 23

 1 .1110   × 22

= (1 + 1 − 2−3) × 22

<procedure of adding 2−2 to 23>

alignment
.0000 × 23

+ 1 .0000 × 2−2
1 .00000 × 23

+ 0 .00001 × 23

no difference

truncation of guard bit

: hidden bit,(cf)

1 .00001 × 23

 1 .0000   × 23

= (1 + 0)   × 23

<procedure of subtracting 2−2 from 23>

alignment
1 .0000 × 23

− 1 .0000 × 2−2
1 .00000 × 23

− 0 .00001 × 23
1 .00000 × 23

+ 1 .11111 × 23

2’s
complement

right result

normalization
truncation of guard bit

0 .11111 × 23

 1 .1111   × 22

= (1 + 1 − 2−4) × 22

1

+ 0

1

: guard bit

Figure P1.18 Procedure of addition/subtraction with four mantissa bits.

1.18 Resolution of Number Representation and Quantization Error

In Section 1.2.1, we have seen that adding 2−22 to 230 makes some dif-
ference, while adding 2−23 to 230 makes no difference due to the bit shift
by over 52 bits for alignment before addition. How about subtracting 2−23

from 230? In contrast with the addition of 2−23 to 230, it makes a differ-
ence as you can see by typing the following statement into the MATLAB
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command window.

>>x = 2^30; x + 2^ - 23 == x, x - 2^ - 23 == x

which will give you the logical answer 1 (true) and 0 (false). Justify this
result based on the difference of resolution of two ranges [230, 231) and [229,
230) to which the true values of computational results (230 + 2−23) and (230 −
2−23) belong, respectively. Note from Eq. (1.2.5) that the resolutions—that is,
the maximum quantization errors—are �E = 2E−52 = 2−52+30 = 2−22 and
2−52+29 = 2−23, respectively. For details, refer to Fig. P1.18, which illustrates
the procedure of addition/subtraction with four mantissa bits, one hidden bit,
and one guard bit.

1.19 Resolution of Number Representation and Quantization Error
(a) What is the result of typing the following statements into the MATLAB

command window?

>>7/100*100 - 7

How do you compare the absolute value of this answer with the reso-
lution � of the range to which 7 belongs?

(b) Find how many numbers are susceptible to this kind of quantization
error caused by division/multiplication by 100, among the numbers
from 1 to 31.

(c) What will be the result of running the following program? Why?

%nm1p19: Quantization Error
x = 2-2^-50;
for n = 1:2^3

x = x+2^-52; fprintf(’%20.18E\n’,x)
end

1.20 Avoiding Large Errors/Overflow/Underflow
(a) For x = 9.8201 and y = 10.2199, evaluate the following two expressions

that are mathematically equivalent and tell which is better in terms of
the power of resisting the overflow.

(i) z = √
x2 + y2 (P1.20.1a)

(ii) z = y
√

(x/y)2 + 1 (P1.20.1b)

Also for x = 9.8−201 and y = 10.2−199, evaluate the above two expres-
sions and tell which is better in terms of the power of resisting the
underflow.

(b) With a = c = 1 and for 100 values of b over the interval [107.4, 108.5]
generated by the MATLAB command ‘logspace(7.4,8.5,100)’,



PROBLEMS 65

evaluate the following two formulas (for the roots of a quadratic
equation) that are mathematically equivalent and plot the values of the
second root of each pair. Noting that the true values are not available
and so the shape of solution graph is only one practical basis on which
we can assess the quality of numerical solutions, tell which is better in
terms of resisting the loss of significance.

(i)
[
x1, x2 = 1

2a
(−b ∓ sign(b)

√
b2 − 4ac)

]
(P1.20.2a)

(ii)
[
x1 = 1

2a
(−b − sign(b)

√
b2 − 4ac), x2 = c/a

x1

]
(P1.20.2b)

(c) For 100 values of x over the interval [1014, 1016], evaluate the follow-
ing two expressions that are mathematically equivalent, plot them, and
based on the graphs, tell which is better in terms of resisting the loss
of significance.

(i) y = √
2x2 + 1 − 1 (P1.20.3a)

(ii) y = 2x2

√
2x2 + 1 + 1

(P1.20.3b)

(d) For 100 values of x over the interval [10−9, 10−7.4], evaluate the fol-
lowing two expressions that are mathematically equivalent, plot them,
and based on the graphs, tell which is better in terms of resisting the
loss of significance.

(i) y = √
x + 4 − √

x + 3 (P1.20.4a)

(ii) y = 1√
x + 4 + √

x + 3
(P1.20.4b)

(e) On purpose to find the value of (300125/125!)e−300, type the following
statement into the MATLAB command window.

>>300^125/prod([1:125])*exp(-300)

What is the result? Is it of any help to change the order of multipli-
cation/division? As an alternative, make a routine which evaluates the
expression

p(k) = λk

k!
e−λ for λ = 300 and an integer k (P1.20.5)

in a recursive way, say, like p(k + 1) = p(k) ∗ λ/k and then, use the
routine to find the value of (300125/125!)e−300.
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(f) Make a routine which computes the sum

S(K) =
K∑

k=0

λk

k!
e−λ for λ = 100 and an integer K (P1.20.6)

and then, use the routine to find the value of S(155).

1.21 Recursive Routines for Efficient Computation
(a) The Hermite Polynomial [K-1]

Consider the Hermite polynomial defined as

H0(x) = 1, HN(x) = (−1)Nex2 dN

dxN
e−x2

(P1.21.1)

(i) Show that the derivative of this polynomial function can be writ-
ten as

H ′
N(x) = (−1)N2xex2 dN

dxN
e−x2 + (−1)Nex2 dN+1

dxN+1
e−x2

= 2xHN(x) − HN+1(x) (P1.21.2)

and so the (N + 1)th-degree Hermite polynomial can be obtained
recursively from the N th-degree Hermite polynomial as

HN+1(x) = 2xHN(x) − H ′
N(x) (P1.21.3)

(ii) Make a MATLAB routine “Hermitp(N)” which uses Eq. (P1.21.3)
to generate the N th-degree Hermite polynomial HN(x).

(b) The Bessel Function of the First Kind [K-1]
Consider the Bessel function of the first kind of order k defined as

Jk(β) = 1

π

∫ π

0
cos(kδ − β sin δ)dδ (P1.21.4a)

=
(

β

2

)k ∞∑
m=0

(−1)mβ2m

4mm!(m + k)!
≡ (−1)kJ−k(β) (P1.21.4b)

(i) Define the integrand of (P1.21.4a) in the name of ‘Bessel_inte-
grand(x,beta,k)’ and store it in an M-file named “Bessel_
integrand.m”.

(ii) Complete the following routine “Jkb(K,beta)”, which uses
(P1.21.4b) in a recursive way to compute Jk(β) of order k =
1:K for given K and β (beta).

(iii) Run the following program nm1p21b which uses Eqs. (P1.21.4a)
and (P1.21.4b) to get J15(β) for β = 0:0.05:15. What is the norm
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of the difference between the two results? How do you compare
the running times of the two methods?

(cf) Note that Jkb(K,beta) computes Jk(β) of order k = 1:K, while the inte-
gration does for only k = K.

function [J,JJ] = Jkb(K,beta) %the 1st kind of kth-order Bessel ftn
tmpk = ones(size(beta));
for k = 0:K

tmp = tmpk; JJ(k + 1,:) = tmp;
for m = 1:100

tmp = ?????????????????????;
JJ(k + 1,:) = JJ(k + 1,:)+ tmp;
if norm(tmp)<.001, break; end
end
tmpk = tmpk.*beta/2/(k + 1);

end
J = JJ(K+1,:);

%nm1p21b: Bessel_ftn
clear, clf
beta = 0:.05:15; K = 15;
tic
for i = 1:length(beta) %Integration

J151(i) = quad(’Bessel_integrand’,0,pi,[],0,beta(i),K)/pi;
end
toc
tic, J152 = Jkb(K,beta); toc %Recursive Computation
discrepancy = norm(J151-J152)

1.22 Find the four routines in Chapter 5 and 7, which are fabricated in a nested
(recursive calling) structure.
(cf) Don’t those algorithms, which are the souls of the routines, seem to have been

born to be in a nested structure?

1.23 Avoiding Runtime Error in Case of Deficient/Nonadmissible Input Argu-
ments
(a) Consider the MATLAB routine “rotation_r(x,M)”, which you made

in Problem 1.15(h). Does it work somehow when the user gives a
negative integer as the second input argument M ? If not, add a statement
so that it performs the rotation left by −M samples for M < 0, say,
making

rotate_r([1 2 3 4 5],-2) = [3 4 5 1 2]

(b) Consider the routine ‘trpzds(f,a,b,N)’ in Section 5.6, which com-
putes the integral of function f over [a, b] by dividing the integration
interval into N sections and applying the trapezoidal rule. If the user
tries to use it without the fourth input argument N, will it work? If not,
make it work with N = 1000 by default even without the fourth input
argument N.
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function INTf = trpzds(f,a,b,N)
%integral of f(x) over [a,b] by trapezoidal rule with N segments
if abs(b - a) < eps | N <= 0, INTf = 0; return; end
h = (b - a)/N; x = a+[0:N]*h;
fx = feval(f,x); %values of f for all nodes
INTf = h*((fx(1)+ fx(N + 1))/2 + sum(fx(2:N))); %Eq.(5.6.1)

1.24 Parameter Passing through varargin

Consider the integration routine ‘trpzds(f,a,b,N)’ in Section 5.6. Can
you apply it to compute the integral of a function with some parame-
ter(s), like the ‘Bessel_integrand(x,beta,k)’ that you defined in Prob-
lem 1.21? If not, modify it so that it works for a function with some param-
eter(s) (see Section 1.3.6) and save it in the M-file named ‘trpzds_par.m’.
Then replace the ‘quad()’ statement in the program ‘nm1p21b’ (introduced
in P1.21) by an appropriate ‘trpzds_par()’ statement (with N = 1000) and
run the program. What is the discrepancy between the integration results
obtained by this routine and the recursive computation based on Problem
1.21.4(b)? Is it comparable with that obtained with ‘quad()’? How do you
compare the running time of this routine with that of ‘quad()’? Why do
you think it takes so much time to execute the ‘quad()’ routine?

1.25 Adaptive Input Argument to Avoid Runtime Error in the Case of Different
Input Arguments

Consider the integration routine ‘trpzds(f,a,b,N)’ in Section 5.6. If some
user tries to use this routine with the following statement, will it
work?

trpzds(f,[a b],N) or trpzds(f,[a b])

If not, modify it so that it works for such a usage (with a bound vector as
the second input argument) as well as for the standard usage and save it in
the M-file named ‘trpzds_bnd.m’. Then try it to find the intergal of e−t

for [0,100] by typing the following statements in the MATLAB command
window. What did you get?

>>ftn=inline(’exp(-t)’,’t’);
>>trpzds_bnd(ftn,[0 100],1000)
>>trpzds_bnd(ftn,[0 100])

1.26 CtFT(Continuous-Time Fourier Transform) of an Arbitrary Signal

Consider the following definitions of CtFT and ICtFT(Inverse CtFT) [W-4]:

X(ω) = F {x(t)} =
∫ ∞

−∞
x(t)e−jωt dt : CtFT (P1.26.1a)

x(t) = F −1{X(ω)} = 1

2π

∫ ∞

−∞
X(ω)ejωt dω: ICtFT (P1.26.1b)
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(a) Similarly to the MATLAB routine “CtFT1(x,Dt,w)” computing the
CtFT (P1.26.1a) of x(t) over [-Dt,Dt ] for w, make a MATLAB rou-
tine “ICtFT1(X,Bw,t)” computing the ICtFT (P1.26.1b) of X(w) over
[-Bw, Bw] for t. You can choose whatever integral routine including
‘trpzds_par()’ (Problem 1.24) and ‘quad()’, considering the running
time.

(b) The following program ‘nm1p26’ finds the CtFT of a rectangular pulse
(with duration [−1,1]) defined by ‘rDt()’ for ω = [−6π,+6π] and the
ICtFT of a sinc spectrum (with bandwidth 2π) defined by ‘sincBw()’
for t = [−5, +5]. After having saved the routines into M-files with the
appropriate names, run the program to see the rectangular pulse, its
CtFT spectrum, a sinc spectrum, and its ICtFT. If it doesen’t work,
modify/supplement the routines so that you can rerun it to see the
signals and their spectra.

function Xw = CtFT1(x,Dt,w)
x_ejkwt = inline([x ’(t).*exp(-j*w*t)’],’t’,’w’);
Xw = trpzds_par(x_ejkwt,-Dt,Dt,1000,w);
%Xw = quad(x_ejkwt,-Dt,Dt,[],0,w);

function xt = ICtFT1(X,Bw,t)

function x = rDt(t)

x = (-D/2 <= t & t <= D/2);

function X = sincBw(w)

X = 2*pi/B*sinc(w/B);

%nm1p26: CtFT and ICtFT
clear, clf
global B D
%CtFT of a Rectangular Pulse Function
t = [-50:50]/10; %time vector
w = [-60:60]/10*pi; %frequency vector
D = 1; %Duration of a rectangular pulse rD(t)
for k = 1:length(w), Xw(k) = CtFT1(’rDt’,D*5,w(k)); end
subplot(221), plot(t,rDt(t))
subplot(222), plot(w,abs(Xw))
%ICtFT of a Sinc Spectrum
B = 2*pi; %Bandwidth of a sinc spectrum sncB(w)
for n = 1:length(t), xt(n) = ICtFT1(’sincBw’,B*5,t(n));
end
subplot(223), plot(t,real(xt))
subplot(224), plot(w,sincBw(w))
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