
q11ðtÞ ¼
rn
b2

t�m

b
1� e�

b
m t

	 
� �
; (6:263)

q12ðtÞ ¼
rn
2b2

1� e�
b
m t

	 

; (6:264)

q22ðtÞ ¼
rn

2bm
: (6:265)

For small times such that t « tr ¼ m
b
, using the series expansion

e
� t
tr ¼ 1� t

tr
þ 1

2

t

tr

	 
2

� . . . ; (6:266)

it is clear that

hX2i ¼ rn
b2

t2; (6:267)

and the particle moves as though it is a free particle with a constant speed

n ¼
ffiffiffiffiffiffiffiffiffiffiffi
rv=b2

p
: (6:268)

For large times such that t » tr ¼
m

b
, Eq. (6.266) becomes

hX2i ¼ rn
b2

t; (6:269)

and the particle moves as though it is diffusing and executing a random walk.
It can be shown that covariance is related to the thermally induced kinetic

energy of the particle and that

rn ¼ 2bkT; (6:270)

where k is Boltzmann’s constant and T is the absolute temperature. Thus the
mean value of the particle position at large times is

hx2i ¼ kT

3pma
t ¼ D

3pm
t; (6:271)

where a is the radius of the particle, m is the coefficient of viscosity and
D ¼ ðkTÞ=a is the diffusion constant. r

6.4.4 Inserting Noise into Simulation Systems

In many cases it is necessary to insert noise sources into systems to simulate the
effect of state noise, disturbances, signal inputs or measurement noise. Most
often this is done by assuming that the noise is small compared to the input or
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state signals levels. ‘Small’ in this case means a small amplitude in relation to the

size of the deterministic signals and/or sizes of the nonlinearities in the system.
Assume that the noise is to be inserted into the state equation,

_xðtÞ ¼ fðxðtÞ; uðtÞ; v1ðtÞÞ; (6:272)

where v1ðtÞ is a zero mean noise source which also may be a vector process. In

a general nonlinear system, v1ðtÞ may be added to the states or the states may

be a function of the noise or the noise may be added to only some of the

states. Linearization of Eq. (6.272) may be carried out in the usual way to

obtain

_�x ¼ A�xþ B�uþ Bn�v1; (6:273)

where

A ¼ @f

@x
x ¼ x0

u ¼ u0

v1 ¼ v0

; B ¼ @f

@u
x ¼ x0

u ¼ u0

v1 ¼ v0

and Bn ¼
@f

@v1
x ¼ x0

u ¼ u0

v1 ¼ v0

and the nominal linearization point is x ¼ x0, u ¼ u0 and v1 ¼ v0 ¼ 0, by

definition. The noise amplitude is then �v1. Similar expressions to that in

Eq. (6.273) may be associated with ‘small’ noise sources associated with the

inputs or with other sources built into the control object or its associated

systems. In some cases it may be necessary to use the chain rule for differentia-

tion in order to find the matrix Bn.
To simulate the noise with the proper amplitude it is necessary to determine

its standard deviation (amplitude) or variance (power). InMatlab/Simulink this

can be done using either of the internal generators: Random Number or

Bandlimited Noise. Before using either generators the documentation for it

should be consulted.

Random Number Generator

Noise which is effectively white can be generated by choosing a sample time

which is 10–20 times smaller than the smallest time constant in the system

being studied. This is equivalent to saying that the sampling frequency is

10–20 times the highest cutoff frequency in the subject system. As the random

numbers generated have a variance of 1, the white noise generators must

be followed by a gain element which adjusts the amplitude of the noise to

the level required in the simulation. If the approximate maximum amplitude

of the noise signal is �A then the noise amplitude should be selected to be

2A=6 ¼ A=3 as the noise will then remain in this window 99.75% of the time:
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this is the 6s limit, 6 times the standard deviation. Outliers will of course occur
occasionally outside this window.

Many other simulation packages have noise generators based on the use of
random number generators.

Band Limited White Noise

In Simulink the Band Limited White Noise is generated using a random
sequence with a correlation time much smaller than the shortest time constant
in the system. This correlation time is the sampling time used in the block. In
the documentation of the block it is suggested that the correlation time be
selected as

tc ¼
1

c

2p
oc
; (6:274)

where c ¼ 100 and oc is the cut-off frequency of the system. c can be selected
smaller, say 10–20 for typical systems. Choosing an extremely small correlation
time can increase the sampling time significantly due to the large number of
rapid transients introduced into the integration algorithms.

The algorithm used in the block automatically scales the white noise so that
the generator outputs a noise covariance which is the noise power, s2, divided
by the correlation time, s2=tc. The purpose of this scaling is to ensure that
the approximate white noise has the same covariance as the system would have
if responding to real white noise (with an infinite frequency spectrum).

The ‘white’ noise generated using either of the methods above is equivalent.
If true white noise is to be inserted into a system, then it is a good idea to low
pass filter it before inserting into the system. This will make it easier for the
integration routines used to solve differential equations to integrate the system
equations without having to deal with the singularities which the steps in the
white noise sequences represent. The variance of the noise from low pass filtered
white noise is given in Eq. (6.253).

Reproducing White Noise

In principle a basic characteristic of white noise is that it can never be repro-
duced because if it were reproduceable, it would have to be correlated with
itself. This could be inconvenient in simulation studies because one would
always have to look at a system with different noise inputs. Fortunately it is
possible to avoid this problem using standard random noise generators. This is
done by choosing different seeds for the random number generators. By using
the same seed (or seeds) for different simulations, the identically same
sequence(s) can be generated reproducably: the generators are deterministic
with respect to the sequences which they generate with a given seed. They are
however apparently stochastic for the shorter periods of time in which they are
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used for simulations. If different independent noise sequences are required in
different blocks, the seeds used in the different independent generators must be
selected to be different.

Other ‘Noise’ Sources

In many cases other kinds of disturbance signals than white noise are encoun-
tered. In such cases it is the RootMean Square (RMS) value of the signal which
is that with should be compared with the standard deviation used for white
noise amplitudes. The effective power of for example sine wave is its rms value
squared. The effective power of any deterministic signal can be easily found as
required. Note that the frequency spectra of noise signals other than Gaussian
white noise are very different from white noise: they are in general not white
(have flat frequency spectra). This must be taken into account for in simulating
them.

Integrating Stochastic Differential Equations

While it straight forward to insert Gaussian white noise signal into linear or
nonlinear systems accurately with the correct mean value, variance and density
(or distribution) function, it is not easy to obtain the correct states and outputs
using the standard integration routines available in Matlab or Simulink. The
reason for this is that inserting noise into differential equations automatically
makes them stochastic differential equations which have differentmathematical
characteristics than deterministic differential equations.

Whereas the integration of deterministic differential equations is based
on a first order approximation to their solution, stochastic differential
equations must be based on a second order approximation. The reason
for this is Eq. (6.157) which implies that at each time step, h, an integral of
a noise driving term in a differential equation must be updated as

�w ¼ s
ffiffiffi
h
p

; (6:275)

where w is a Wiener process. This obviously is not possible using a normal
integration routine. Equation (6.275) results in the integral of w being,

Z h

0

w dw ¼ s2

2
½wðhÞ2 � h�; (6:276)

which is not the result which one would expect. This result is obtained using one
interpretation of the stochastic integral (the Ito interpretation, see Sect. 6.6.3).
Clearly then, an important error will be introduced by using ordinary integra-
tion rules and numerical integration algorithms. See Gran (2007), Chapter 5,
for more detail.
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